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Abstract
The relativistic chiral SU(3) Lagrangian is used to describe kaon-nucleon scattering
imposing constraints from the pion-nucleon sector and the axial-vector coupling
constants of the baryon octet states. We solve the covariant coupled-channel Bethe-
Salpeter equation with the interaction kernel truncated at chiral order Q3 where we
include only those terms which are leading in the large Nc limit of QCD. The baryon
decuplet states are an important explicit ingredient in our scheme, because together
with the baryon octet states they form the large Nc baryon ground states of QCD.
Part of our technical developments is a minimal chiral subtraction scheme within
dimensional regularization, which leads to a manifest realization of the covariant
chiral counting rules. All SU(3) symmetry-breaking effects are well controlled by
the combined chiral and large Nc expansion, but still found to play a crucial role in
understanding the empirical data. We achieve an excellent description of the data
set typically up to laboratory momenta of plab ≃ 500 MeV.
1 Introduction
The meson-baryon scattering processes are an important test for effective field
theories which aim at reproducing QCD at small energies, where the effective
degrees of freedom are hadrons rather than quarks and gluons. In this work
we focus on the strangeness sector, because there the acceptable effective field
theories are much less developed and also the empirical data set still leaves
much room for different theoretical interpretations. In the near future the new
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DAΦNE facility at Frascati could deliver new data on kaon-nucleon scattering
[1] and therewith help to establish a more profound understanding of the role
played by the SU(3) flavor symmetry in hadron interactions. At present the
low-energy elastic K+-proton scattering data set leads to a rather well estab-
lished K+p scattering length with aK+p ≃ 0.28 − 0.34 fm [2]. Uncertainties
exist, however, in the K+-neutron channel where the elastic cross section is
extracted from the scattering data on the K+d → K+p n and K+d → K0p p
reactions. Since data are available only for plab > 350 MeV, the model de-
pendence of the deuteron wave function, the final state interactions and the
necessary extrapolations down to threshold lead to conflicting values for the
K+-neutron scattering length [3]. A recent analysis [4] favors a repulsive and
small value aK+n ≃ 0.1 fm. Since low-energy polarization data are not avail-
able for K+-nucleon scattering, the separate strength of the various p-wave
channels can only be inferred by theory at present. This leads to large uncer-
tainties in the p-wave scattering volumes [3].
The K−-proton scattering length was only recently determined convincingly
by a kaonic-hydrogen atom measurement [5]. In contrast the K−-neutron scat-
tering length remains model dependent [6,7]. This reflects the fact that at low
energies there are no K− deuteron scattering data available except for some
K−d branching ratios [8] commonly not included in theoretical models of
kaon-nucleon scattering. The rather complex multi-channel dynamics of the
strangeness minus one channel is constrained by not too good quality low-
energy elastic and inelastic K−p scattering data [9] but rather precise K−p
threshold branching ratios [10]. Therefore the isospin one scattering ampli-
tude is constrained only indirectly for instance by the Λπ0 production data
[11]. That leaves much room for different theoretical extrapolations [6,7,12–18].
As a consequence the subthreshold K¯N scattering amplitudes, which deter-
mine the K¯-spectral function in nuclear matter to leading order in the density
expansion, are poorly controlled. In the region of the Λ(1405) resonance the
isospin zero amplitudes of different analyses may differ by a factor of two
[19,20].
Therefore it is desirable to make use of the chiral symmetry constraints of
QCD. First intriguing works in this direction can be found in [19–22]. The
reliability of the extrapolated subthreshold scattering amplitudes can be sub-
stantially improved by including s- and p-waves in the analysis of the empirical
cross sections, because the available data, in particular in the strangeness mi-
nus one channel, are much more precise for plab > 200 MeV than for plab < 200
MeV, where one expects s-wave dominance.
In this work we use the relativistic chiral SU(3) Lagrangian including an ex-
plicit baryon decuplet resonance field with JP = 3
2
+
. The baryon decuplet field
is an important ingredient, because it is part of the baryon ground state multi-
plet which arises in the large Nc limit of QCD [23,24]. We also consider the ef-
2
fects of a phenomenological baryon nonet d-wave resonance field with JP = 3
2
−
,
because some of the p-wave strengths in the K¯N system can be extracted from
the available data set reliably only via their interference effects with the d-
wave resonance Λ(1520). As to our knowledge this is the first application of
the chiral SU(3) Lagrangian density to the kaon-nucleon and antikaon-nucleon
systems including systematically constraints from the pion-nucleon sector. We
propose a convenient minimal chiral subtraction scheme for relativistic Feyn-
man diagrams which complies manifestly with the standard chiral counting
rule [25–27]. Furthermore it is argued that the relatively large kaon mass nec-
essarily leads to non-perturbative phenomena in the kaon-nucleon channels in
contrast to the pion-nucleon system where standard chiral perturbation theory
(χPT) can be applied successfully [28–30]. In the strangeness sectors a par-
tial resummation scheme is required [31,19,20]. We solve the Bethe-Salpeter
equation for the scattering amplitude with the interaction kernel truncated
at chiral order Q3 where we include only those terms which are leading in
the large Nc limit of QCD [23,24,32–34]. The s-, p- and d-wave contributions
with J = 1
2
, 3
2
in the scattering amplitude are considered. As a novel technical
ingredient we construct a covariant projector formalism. It is supplemented by
a subtraction scheme rather than a cutoff scheme as employed previously in
[19,20]. The renormalization scheme is an essential input of our chiral SU(3)
dynamics, because it leads to consistency with chiral counting rules and an
approximate crossing symmetry of the subthreshold kaon-nucleon scattering
amplitudes. Our scheme avoids, in particular, breaking the SU(3) symmetry
by channel-dependent cutoff parameters as suggested in [19] and also a sensi-
tivity of the Λ(1405) resonance structure to the cutoff parameter implicit in
[20].
We successfully adjust the set of parameters to describe the existing low-energy
cross section data on kaon-nucleon and antikaon-nucleon scattering including
angular distributions to good accuracy. At the same time we achieve a satis-
factory description of the low-energy s- and p-wave pion-nucleon phase shifts
as well as the empirical axial-vector coupling constants of the baryon octet
states. We make detailed predictions for the poorly known meson-baryon cou-
pling constants of the baryon octet and decuplet states. Furthermore the many
SU(3) reaction amplitudes and cross sections like πΛ → πΛ, πΣ, K¯ N , rele-
vant for transport model simulations of heavy-ion reactions, will be presented.
As a result of our analysis, particularly important for any microscopic de-
scription of antikaon propagation in dense nuclear matter, we predict sizable
contributions from p-waves in the subthreshold K¯-nucleon forward scattering
amplitude.
In section 2 we construct the parts of the relativistic chiral Lagrangian rel-
evant for this work. All interaction terms are analyzed systematically in the
1/Nc expansion of QCD. In section 3 we develop the formalism required for
the proper treatment of the Bethe-Salpeter equation including details on the
3
renormalization scheme. In section 4 we derive the coupled channel effective
interaction kernel in accordance with the scheme presented in section 3. The
reader interested primarily in the numerical results can go directly to section
5, which can be read rather independently.
2 Relativistic chiral SU(3) interaction terms in large Nc QCD
In this section we present all chiral interaction terms to be used in the following
sections to describe the low-energy meson-baryon scattering data set. Particu-
lar emphasis is put on the constraints implied by the large Nc analysis of QCD.
The reader should not be discouraged by the many fundamental parameters
introduced in this section. The empirical data set includes many hundreds of
data points and will be reproduced rather accurately. Our scheme makes many
predictions for poorly known or not known observable quantities like for ex-
ample the p-wave scattering volumes of the kaon-nucleon scattering processes
or SU(3) reactions like πΛ→ πΣ. In a more conventional meson-exchange ap-
proach, which lacks a systematic approximation scheme, many parameters are
implicit in the so-called form factors. In a certain sense the parameters used
in the form factors reflect the more systematically constructed and controlled
quasi-local counter terms of the chiral Lagrangian.
We recall the interaction terms of the relativistic chiral SU(3) Lagrangian
density relevant for the meson-baryon scattering process. For details on the
systematic construction principle, see for example [35]. The basic building
blocks of the chiral Lagrangian are
Uµ =
1
2
e−i
Φ
2 f
(
∂µ e
i Φ
f + i
[
Aµ, e
i Φ
f
]
+
)
e−i
Φ
2 f , B , ∆µ , B
∗
µ , (1)
where we include the pseudo-scalar meson octet field Φ(JP=0−), the baryon
octet field B(JP= 1
2
+
), the baryon decuplet field ∆µ(J
P= 3
2
+
) and the baryon
nonet resonance field B∗µ(J
P= 3
2
−
) (see [36–38]). In (1) we introduce an external
axial-vector source function Aµ which is required for the systematic evaluation
of matrix elements of the axial-vector current. A corresponding term for the
vector current is not shown in (1) because it will not be needed in this work.
The axial-vector source function Aµ =
∑
Aµa λ
(a), the meson octet field Φ =∑
Φa λ
(a) and the baryon octet fields B =
∑
Ba λ
(a)/
√
2, B∗µ = B
∗
µ,0/
√
3 +∑
B∗µ,a λ
(a)/
√
2 are decomposed using the Gell-Mann matrices λa normalized
by tr λa λb = 2 δab. The baryon decuplet field ∆
abc is completely symmetric
and related to the physical states by
4
∆111 = ∆++ , ∆113 = Σ+/
√
3 , ∆133 = Ξ0/
√
3 , ∆333 = Ω− ,
∆112 = ∆+/
√
3 , ∆123 = Σ0/
√
6 , ∆233 = Ξ−/
√
3 ,
∆122 = ∆0/
√
3 , ∆223 = Σ−/
√
3 ,
∆222 = ∆− .
(2)
The parameter f in (1) is determined by the weak decay widths of the charged
pions and kaons properly corrected for chiral SU(3) effects. Taking the average
of the empirical decay parameters fπ = 92.42±0.33 MeV and fK ≃ 113.0±1.3
MeV [39] one obtains the naive estimate f ≃ 104 MeV. This value is still within
reach of the more detailed analysis [40] which lead to fπ/f = 1.07± 0.12. As
emphasized in [41], the precise value of f is subject to large uncertainties.
Explicit chiral symmetry-breaking effects are included in terms of scalar and
pseudo-scalar source fields χ± proportional to the quark-mass matrix of QCD
χ± =
1
2
(
e+i
Φ
2 f χ0 e
+i Φ
2 f ± e−i Φ2 f χ0 e−i
Φ
2 f
)
, (3)
where χ0 ∼ diag(mu, md, ms). All fields in (1) and (3) have identical prop-
erties under chiral SU(3) transformations. The chiral Lagrangian consists of
all possible interaction terms, formed with the fields Uµ, B,∆µ, B
∗
µ and χ±
and their respective covariant derivatives. Derivatives of the fields must be
included in compliance with the chiral SU(3) symmetry. This leads to the
notion of a covariant derivative Dµ which is identical for all fields in (1) and
(3). For example, it acts on the baryon octet field as
[
Dµ, B
]
−= ∂µB +
1
2
[
e−i
Φ
2 f
(
∂µ e
+i Φ
2 f
)
+ e+i
Φ
2 f
(
∂µ e
−i Φ
2 f
)
, B
]
−
+
i
2
[
e−i
Φ
2 f Aµ e
+i Φ
2 f − e+i Φ2 f Aµ e−i
Φ
2 f , B
]
− . (4)
The chiral Lagrangian is a powerful tool once it is combined with appropriate
power counting rules leading to a systematic approximation strategy. One aims
at describing hadronic interactions at low-energy by constructing an expansion
in small momenta and the small pseudo-scalar meson masses. The infinite set
of Feynman diagrams are sorted according to their chiral powers. The minimal
chiral power Qν of a given relativistic Feynman diagram,
ν = 2− 1
2
EB + 2L+
∑
i
Vi
(
di +
1
2
ni − 2
)
, (5)
is given in terms of the number of loops, L, the number, Vi, of vertices of type
i with di ’small’ derivatives and ni baryon fields involved, and the number of
5
external baryon lines EB [42]. Here one calls a derivative small if it acts on
the pseudo-scalar meson field or if it probes the virtuality of a baryon field.
Explicit chiral symmetry-breaking effects are perturbative and included in the
counting scheme with χ0 ∼ Q2. For a discussion of the relativistic chiral La-
grangian and its required systematic regrouping of interaction terms we refer
to [26]. We will encounter explicit examples of this regrouping later. The rel-
ativistic chiral Lagrangian requires a non-standard renormalization scheme.
The MS or MS minimal subtraction schemes of dimensional regularization
do not comply with the chiral counting rule [28]. However, an appropriately
modified subtraction scheme for relativistic Feynman diagrams leads to man-
ifest chiral counting rules [25–27]. Alternatively one may work with the chi-
ral Lagrangian in its heavy-fermion representation [43] where an appropriate
frame-dependent redefinition of the baryon fields leads to a more immediate
manifestation of the chiral power counting rule (5). We will return to this issue
in section 3.1 where we propose a simple modification of theMS-scheme which
leads to consistency with (5). Further subtleties of the chiral power counting
rule (5) caused by the inclusion of an explicit baryon resonance field B∗µ are
addressed in section 4.1 when discussing the u-channel resonance exchange
contributions.
In the πN sector, the SU(2) chiral Lagrangian was successfully applied [28,29]
demonstrating good convergence properties of the perturbative chiral expan-
sion. In the SU(3) sector, the situation is more involved due in part to the
relatively large kaon mass mK ≃ mN/2. The perturbative evaluation of the
chiral Lagrangian cannot be justified and one must change the expansion strat-
egy. Rather than expanding directly the scattering amplitude one may expand
the interaction kernel according to chiral power counting rules [42,44]. The
scattering amplitude then follows from the solution of a scattering equation
like the Lipmann-Schwinger or the Bethe-Salpeter equation. This is analo-
gous to the treatment of the e+ e− bound-state problem of QED where a
perturbative evaluation of the interaction kernel can be justified. The rational
behind this change of scheme lies in the observation that reducible diagrams
are typically enhanced close to their unitarity threshold. The enhancement
factor (2π)n, measured relative to a reducible diagram with the same num-
ber of independent loop integrations, is given by the number, n, of reducible
meson-baryon pairs in the diagram, i.e. the number of unitary iterations im-
plicit in the diagram. In the πN sector this enhancement factor does not
prohibit a perturbative treatment, because the typical expansion parameter
m2π/(8π f
2) ∼ 0.1 remains sufficiently small. In the K¯N sector, on the other
hand, the factor (2π)n invalidates a perturbative treatment, because the typ-
ical expansion parameter would be m2K/(8π f
2) ∼ 1. This is in contrast to
irreducible diagrams. They yield the typical expansion parameters mπ/(4π f)
and mK/(4π f) which justifies the perturbative evaluation of the scattering
kernels. We will return to this issue later and discuss this phenomena in terms
of the Weinberg-Tomozawa interaction in more detail.
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In the next section we will develop the formalism to construct the leading or-
ders interaction kernel from the relativistic chiral Lagrangian and then to solve
the Bethe-Salpeter scattering equation. In the remainder of this section, we
collect all interaction terms needed for the construction of the Bethe-Salpeter
interaction kernel. We consider all terms of chiral order Q2 but only the subset
of chiral Q3-terms which are leading in the large Nc limit. Loop corrections
to the Bethe-Salpeter kernel are neglected, because they carry minimal chiral
order Q3 and are 1/Nc suppressed. The chiral Lagrangian
L =∑
n
L(n) +∑
n
L(n)χ (6)
can be decomposed into terms of different classes L(n) and L(n)χ . With an upper
index n in L(n) we indicate the number of fields in the interaction vertex. The
lower index χ signals terms with explicit chiral symmetry breaking. We assume
charge conjugation symmetry and parity invariance in this work. To leading
chiral order the following interaction terms are required:
L(2)= tr B¯
(
i /∂ −mo [8]
)
B +
1
4
tr (∂µ Φ) (∂µ Φ)
+ tr ∆¯µ ·
( (
i /∂ −mo [10]
)
gµν − i (γµ∂ν + γν∂µ) + i γµ /∂ γν + mo [10] γµ γν
)
∆ν
+ tr B¯∗µ ·
( (
i /∂ −mo [9]
)
gµν − i (γµ∂ν + γν∂µ) + i γµ /∂ γν + mo [9] γµ γν
)
B∗ν
L(3)= F[8]
2 f
tr B¯ γ5 γ
µ
[
(∂µ Φ) , B
]
− +
D[8]
2 f
tr B¯ γ5 γ
µ
[
(∂µ Φ) , B
]
+
− C[10]
2 f
tr
{(
∆¯µ · (∂ν Φ)
)(
gµν − 1
2
Z[10] γ
µ γν
)
B + h.c.
}
+
D[9]
2 f
tr
{
B¯∗µ ·
[
(∂ν Φ)
(
gµν − 1
2
Z[9] γ
µ γν
)
γ5, B
]
+
+ h.c.
}
+
F[9]
2 f
tr
{
B¯∗µ ·
[
(∂ν Φ)
(
gµν − 1
2
Z[9] γ
µ γν
)
γ5, B
]
− + h.c.
}
+
C[9]
8 f
tr
{
B¯∗µ tr
[
(∂ν Φ)
(
gµν − 1
2
Z[9] γ
µ γν
)
γ5, B
]
+
+ h.c.
}
,
L(4)= i
8 f 2
tr B¯ γµ
[[
Φ, (∂µ Φ)
]
−, B
]
− , (7)
where we use the notations [A,B]± = AB ± BA for SU(3) matrices A and
B. Note that the complete chiral interaction terms which lead to the terms
in (7) are easily recovered by replacing i ∂µ Φ/f → Uµ. A derivative acting on
a baryon field in (7) must be understood as the covariant derivative ∂µB →
[Dµ, B]− and ∂µ∆ν → [Dµ,∆ν ]− .
The SU(3) meson and baryon fields are written in terms of their isospin sym-
metric components
7
Φ= τ · π + α† ·K +K† · α + η λ8 ,√
2B=α† ·N(939) + λ8 Λ(1115) + τ · Σ(1195) + Ξt(1315) i σ2 ·α ,
α†= 1√
2
(λ4 + i λ5, λ6 + i λ7) , τ = (λ1, λ2, λ3) , (8)
with the isospin doublet fields K = (K+, K0)t, N = (p, n)t and Ξ = (Ξ0,Ξ−)t.
The isospin Pauli matrix σ2 acts exclusively in the space of isospin doublet
fields (K,N,Ξ) and the matrix valued isospin doublet α (see Appendix A).
For our work we chose the isospin basis, because isospin breaking effects are
important only in the K¯N channel. Note that in (8) the numbers in the
parentheses indicate the approximate mass of the baryon octet fields and (...)t
means matrix transposition. Analogously we write the baryon resonance field
B∗µ as
√
2B∗µ=
(√
2
3
cos ϑ− λ8 sin ϑ
)
Λµ(1520) + α
† ·Nµ(1520)
+
(√
2
3
sin ϑ+ λ8 cosϑ
)
Λµ(1690) + τ ·Σµ(1670) + Ξtµ(1820) i σ2 ·α ,(9)
where we allow for singlet-octet mixing by means of the mixing angle ϑ (see
[38]). The parameters m
o
[8], m
o
[9] and m
o
[10] in (7) denote the baryon masses in
the chiral SU(3) limit. Furthermore the products of an anti-decuplet field ∆¯
with a decuplet field ∆ and an octet field Φ transform as SU(3) octets
(
∆¯ ·∆
)a
b
=∆¯bcd∆
acd ,
(
∆¯ · Φ
)a
b
= ǫkla ∆¯knbΦ
n
l ,(
Φ ·∆
)a
b
= ǫklbΦ
l
n∆
kna , (10)
where ǫabc is the completely anti-symmetric pseudo-tensor. For the isospin
decomposition of ∆¯ ·∆, ∆¯ · Φ and Φ ·∆ we refer to Appendix A.
The parameters F[8] ≃ 0.45 and D[8] ≃ 0.80 are constrained by the weak decay
widths of the baryon octet states [45] (see also Tab. 1) and C[10] ≃ 1.6 can be
estimated from the hadronic decay width of the baryon decuplet states. The
parameter Z[10] in (7) may be best determined in an SU(3) analysis of meson-
baryon scattering. While in the pion-nucleon sector it can be absorbed into
the quasi-local 4-point interaction terms to chiral accuracy Q2 [46] (see also
Appendix H), this is no longer possible if the scheme is extended to SU(3).
Our detailed analysis reveals that the parameter Z[10] is relevant already at
order Q2 if a simultaneous chiral analysis of the pion-nucleon and kaon-nucleon
scattering processes is performed. The resonance parameters may be estimated
by an update of the analysis [38]. That leads to the values F[9] ≃ 1.8, D[9] ≃
0.84 and C[9] ≃ 2.5. The singlet-octet mixing angle ϑ ≃ 28◦ confirms the
finding of [37] that the Λ(1520) resonance is predominantly a flavor singlet
state. The value for the background parameter Z[9] of the J
P= 3
2
−
resonance
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is expected to be rather model dependent, because it is unclear so far how to
incorporate the JP= 3
2
−
resonance in a controlled approximation scheme. As
will be explained in detail Z[9] will drop out completely in our scheme (see
sections 4.1-4.2).
2.1 Large Nc counting
In this section we briefly recall a powerful expansion strategy which follows
from QCD if the numbers of colors (Nc) is considered as a large number. We
present a formulation best suited for an application in the chiral Lagrangian
leading to a significant parameter reduction. The large Nc scaling of a chiral
interaction term is easily worked out by using the operator analysis proposed
in [48]. Interaction terms involving baryon fields are represented by matrix
elements of many-body operators in the large Nc ground-state baryon multi-
plet |B〉. A n-body operator is the product of n factors formed exclusively in
terms of the bilinear quark-field operators Ji, G
(a)
i and T
(a). These operators
are characterized fully by their commutation relations,
[G
(a)
i , G
(b)
j ]− =
1
4
i δij f
ab
c T
(c) + 1
2
i ǫ kij
(
1
3
δab Jk + d
ab
cG
(c)
k
)
,
[Ji , Jj]− = i ǫ
k
ij Jk , [T
(a) , T (b)]− = i f
ab
c T
(c) ,
[T (a) , G
(b)
i ]− = i f
ab
cG
(c)
i , [Ji , G
(a)
j ]− = i ǫ
k
ij G
(a)
k , [Ji , T
(a)]− = 0 .(11)
The algebra (11), which refelcts the so-called contracted spin-flavor symmetry
of QCD, leads to a transparent derivation of the many sum rules implied by
the various infinite subclasses of QCD quark-gluon diagrams as collected to a
given order in the 1/Nc expansion. A convenient realization of the algebra (11)
is obtained in terms of non-relativistic, flavor-triplet and color Nc-multiplet
field operators q and q†
Ji = q
†
(
σ
(q)
i
2
⊗ 1
)
q , T (a) = q†
(
1⊗ λ
(a)
2
)
q ,
G
(a)
i = q
†
(
σ
(q)
i
2
⊗ λ
(a)
2
)
q . (12)
If the fermionic field operators q and q† are assigned anti-commutation rules,
the algebra (11) follows. The Pauli spin matrices σ
(q)
i act on the two-component
spinors of the fermion fields q, q† and the Gell-Mann matrices λa on their flavor
components. Here one needs to emphasize that the non-relativistic quark-field
operators q and q† should not be identified with the quark-field operators
of the QCD Lagrangian [32–34]. Rather, they constitute an effective tool to
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represent the operator algebra (11) which allows for an efficient derivation of
the large Nc sum rules of QCD. A systematic truncation scheme results in
the operator analysis, because a n-body operator is assigned the suppression
factor N1−nc . The analysis is complicated by the fact that matrix elements of
T (a) and G
(a)
i may be of order Nc in the baryon ground state |B〉. That implies
for instance that matrix elements of the (2n+1)-body operator (Ta T
(a))n T (c)
are not suppressed relative to the matrix elements of the one-body operator
T (c). The systematic large Nc operator analysis relies on the observation that
matrix elements of the spin operator Ji, on the other hand, are always of order
N0c . Then a set of identities shows how to systematically represent the infinite
set of many-body operators, which one may write down to a given order in
the 1/Nc expansion, in terms of a finite number of operators. This leads to
a convenient scheme with only a finite number of operators to a given order
[48]. We recall typical examples of the required operator identities
[Ta, T
(a)]+ − [Ji, J (i)]+ = 16 Nc (Nc + 6) , [Ta , G(a)i ]+ = 23 (3 +Nc) Ji ,
27 [Ta, T
(a)]+ − 12 [G(a)i , G(i)a ]+ = 32 [Ji, J (i)]+ ,
dabc [T
(a), T (b)]+ − 2 [Ji, G(i)c ]+ = −13 (Nc + 3) Tc ,
dabc [G
(i)
a , G
(b)
i ]+ +
9
4
dabc [T
(a), T (b)]+ =
10
3
[Ji, G
(i)
c ]+ ,
d cab [T
(a), G
(b)
i ]+ =
1
3
[Ji, T
(c)]+ − 13 ǫijk f cab [G(j)a , G(k)b ]+ . (13)
For instance the first identity in (13) shows how to avoid the infinite tower
(Ta T
(a))n T (c) discussed above. Note that the ’parameter’ Nc enters in (13) as
a mean to classify the possible realizations of the algebra (11).
As a first and simple example we recall the large Nc structure of the 3-point
vertices. One readily establishes two operators with parameters g and h to
leading order in the 1/Nc expansion [48]:
〈B′| L(3) |B〉 = 1
f
〈B′| g G(c)i + h Ji T (c)|B〉 tr λc∇(i) Φ+O
(
1
Nc
)
. (14)
Further possible terms in (14) are either redundant or suppressed in the 1/Nc
expansion. For example, the two-body operator i fabcG
(a)
i T
(b) ∼ N0c is reduced
by applying the relation
i f cab
[
G
(a)
i , T
(b)
]
− = i f
c
ab i f
ab
dG
(d)
i = −3G(c)i .
In order to make use of the large Nc result, it is necessary to evaluate the
matrix elements in (14) at Nc = 3 where one has a 56-plet with |B〉 =
|B(a),∆(ijk)〉. Most economically this is achieved with the completeness iden-
tity 1 = |B〉〈B|+ |∆〉〈∆| in conjunction with
10
Tc |Ba(χ)〉 = i fabc |B(b)(χ)〉 , J (i) |Ba(χ)〉 = 1
2
σ
(i)
χ′χ|Ba(χ′)〉 ,
G(i)c |Ba(χ)〉 =
(
1
2
dabc +
1
3
i fabc
)
σ
(i)
χ′χ |B(b)(χ′)〉
+
1√
2 2
(
ǫ jkl λ
(c)
mj λ
(a)
nk
)
S
(i)
χ′χ|∆(lmn)(χ′)〉 , (15)
where Si S
†
j = δij − σi σj/3 and λa λb = 23 δab + (i fabc + dabc) λ(c). In (15) the
baryon octet states |Bb(χ)〉 are labelled according to their SU(3) octet index
a = 1, ..., 8 with the two spin states represented by χ = 1, 2. Similarly the
decuplet states |∆lmn(χ′)〉 are listed with l, m, n = 1, 2, 3 as defined in (2).
Note that the expressions (15) may be verified using the quark-model wave
functions for the baryon octet and decuplet states. The result (15) is however
much more general than the quark-model, because it follows from the structure
of the ground-state baryons in the large Nc limit of QCD only. Matching the
interaction vertices of the relativistic chiral Lagrangian onto the static matrix
elements arising in the large Nc operator analysis requires a non-relativistic
reduction. It is standard to decompose the 4-component Dirac fields B and
∆µ into baryon octet and decuplet spinor fields B(χ) and ∆(χ):
(
B,∆µ
)
→

(
1
2
+ 1
2
√
1 + ∇
2
M2
) 1
2 (
B(χ), Sµ∆(χ)
)
(σ·∇)√
2M
(
1 +
√
1 + ∇
2
M2
)− 1
2 (
B(χ), Sµ∆(χ)
)
 , (16)
whereM denotes the baryon octet and decuplet mass in the large Nc limit. To
leading order one finds Sµ = (0, Si) with the transition matrices Si introduced
in (15). It is then straightforward to expand in powers of ∇/M and achieve
the desired matching. This leads for example to the identification D[8] = g,
F[8] = 2 g/3 + h and C[10] = 2 g. The empirical values of F[8], D[8] and C[10]
are quite consistent with those large Nc sum rules [47]. Note that operators at
subleading order in (14) then parameterize the deviation from C[10] ≃ 2D[8].
2.2 Quasi-local interaction terms
We turn to the two-body interaction terms at chiral order Q2. From phase
space consideration it is evident that to this order there are only terms which
contribute to the meson-baryon s-wave scattering lengths, the s-wave effective
range parameters and the p-wave scattering volumes. Higher partial waves are
not affected to this order. The various contributions are regrouped according
to their scalar, vector or tensor nature as
L(4)2 = L(S) + L(V ) + L(T ) , (17)
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where the lower index k in L(n)k denotes the minimal chiral order of the inter-
action vertex. In the relativistic framework one observes mixing of the partial
waves in the sense that for instance L(S),L(V ) contribute to the s-wave chan-
nels and L(S),L(T ) to the p-wave channels. We write
L(S)= g
(S)
0
8f 2
tr B¯ B tr (∂µΦ) (∂
µΦ) +
g
(S)
1
8f 2
tr B¯ (∂µΦ) tr (∂
µΦ)B
+
g
(S)
F
16f 2
tr B¯
[[
(∂µΦ), (∂
µΦ)
]
+
, B
]
−+
g
(S)
D
16f 2
tr B¯
[[
(∂µΦ), (∂
µΦ)
]
+
, B
]
+
,
L(V )= g
(V )
0
16f 2
(
tr B¯ i γµ (∂νB) tr (∂νΦ) (∂µΦ) + h.c.
)
+
g
(V )
1
32f 2
tr B¯ i γµ
(
(∂µΦ) tr (∂νΦ) (∂
νB) + (∂νΦ) tr (∂µΦ) (∂
νB) + h.c.
)
+
g
(V )
F
32f 2
(
tr B¯ i γµ
[[
(∂µΦ), (∂νΦ)
]
+
, (∂νB)
]
− + h.c.
)
+
g
(V )
D
32f 2
(
tr B¯ i γµ
[[
(∂µΦ), (∂νΦ)
]
+
, (∂νB)
]
+
+ h.c.
)
,
L(T )= g
(T )
1
8f 2
tr B¯ (∂µΦ) i σ
µν tr (∂νΦ)B
+
g
(T )
D
16f 2
tr B¯ i σµν
[[
(∂µΦ), (∂νΦ)
]
−, B
]
+
+
g
(T )
F
16f 2
tr B¯ i σµν
[[
(∂µΦ), (∂νΦ)
]
−, B
]
− . (18)
It is clear that if the heavy-baryon expansion is applied to (18) the quasi-local
4-point interactions can be mapped onto corresponding terms of the heavy-
baryon formalism presented for example in [49]. Inherent in the relativistic
scheme is the presence of redundant interaction terms which requires that
a systematic regrouping of the interaction terms is performed. This will be
discussed below in more detail when introducing the quasi-local counter terms
at chiral order Q3.
We apply the large Nc counting rules in order to estimate the relative impor-
tance of the quasi-local Q2-terms in (18). Terms which involve a single-flavor
trace are enhanced as compared to the double-flavor trace terms. This is be-
cause a flavor trace in an interaction term is necessarily accompanied by a
corresponding color trace if visualized in terms of quark and gluon lines. A
color trace signals a quark loop and therefore provides the announced 1/Nc
suppression factor [23,24]. The counting rules are nevertheless subtle, because
a certain combination of double trace expressions can be rewritten in terms
of a single-flavor trace term [50]
12
tr
(
B¯ B
)
tr
(
ΦΦ
)
+ 2 tr
(
B¯ Φ
)
tr
(
ΦB
)
= tr
[
B¯,Φ
]
−
[
B,Φ
]
− +
3
2
tr B¯
[[
Φ,Φ
]
+
, B
]
+
. (19)
Thus one expects for example that both parameters g
(S)
0 and g
(S)
1 may be large
separately but the combination 2 g
(S)
0 − g(S)1 should be small. A more detailed
operator analysis leads to
〈B′|L(4)2 |B〉 =
1
16 f 2
〈B′|Oab(g1, g2) |B〉 tr [(∂µΦ), λ(a)]− [(∂µΦ), λ(b)]−
+
1
16 f 2
〈B′|Oab(g3, g4) |B〉 tr [(∂0Φ), λ(a)]− [(∂0Φ), λ(b)]−
+
1
16 f 2
〈B′|O(ij)ab (g5, g6) |B〉 tr [(∇iΦ), λ(a)]− [(∇jΦ), λ(b)]− ,
Oab(g, h) = g dabc T
(c) + h [Ta, Tb]+ +O
(
1
Nc
)
,
O
(ij)
ab (g, h) = i ǫ
ijk i fabc
(
g G
(c)
k + h Jk T
(c)
)
+O
(
1
Nc
)
. (20)
We checked that other forms for the coupling of the operators Oab to the
meson fields do not lead to new structures. It is straight forward to match the
coupling constants g1,..,6 onto those of (18). Identifying the leading terms in
the non-relativistic expansion, we obtain:
g
(S)
0 =
1
2
g
(S)
1 =
2
3
g
(S)
D = −2 g2 , g(S)F = −3 g1 ,
g
(V )
0 =
1
2
g
(V )
1 =
2
3
g
(V )
D = −2
g4
M
, g
(V )
F = −3
g3
M
,
g
(T )
1 = 0 , g
(T )
F = −g5 −
3
2
g6 , g
(T )
D = −
3
2
g5 , (21)
where M is the large Nc value of the baryon octet mass. We conclude that to
chiral order Q2 there are only six leading large Nc coupling constants.
We turn to the quasi-local counter terms to chiral order Q3. It is instructive
to discuss first a set of redundant interaction terms:
L(R)= h
(1)
0
8f 2
tr (∂µB¯) (∂νB) tr (∂µΦ) (∂
νΦ)
+
h
(1)
1
16f 2
tr (∂µB¯) (∂νΦ) tr (∂µΦ) (∂
νB)
+
h
(1)
1
16f 2
tr (∂µB¯) (∂µΦ) tr (∂
νΦ) (∂νB) ,
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+
h
(1)
F
16f 2
tr (∂µB¯)
[[
(∂µΦ), (∂
νΦ)
]
+
, (∂νB)
]
−
+
h
(1)
D
16f 2
tr (∂µB¯)
[[
(∂µΦ), (∂
νΦ)
]
+
, (∂νB)
]
+
. (22)
Performing the non-relativistic expansion of (22) one finds that the leading
moment is of chiral order Q2. Formally the terms in (22) are transformed
into terms of subleading order Q3 by subtracting L(V ) of (18) with g(V ) =
m
o
[8] h
(1). Bearing this in mind the terms (22) define particular interaction
vertices of chiral order Q3. Note that in analogy to (20) and (21) we expect
the coupling constants h
(1)
F and h
(1)
D with h
(1)
1 = 2 h
(1)
0 = 4 h
(1)
D /3 to be leading
in the large Nc limit. A complete collection of counter terms of chiral order
Q3 is presented in Appendix B. Including the four terms in (22) we find ten
independent interaction terms which all contribute exclusively to the s- and
p-wave channels. Here we present the two additional terms with h
(2)
F and h
(3)
F
which are leading in the large Nc expansion:
L(4)3 =L(R) −L(V )[g(V )= m
o
[8] h
(1)]
+
h
(2)
F
32f 2
tr B¯ i γµ
[
[(∂µΦ), (∂νΦ)]−, (∂
νB)
]
− + h.c
+
h
(3)
F
16f 2
tr B¯ i γα
[
[(∂α ∂µΦ), (∂
µΦ)]−, B
]
− . (23)
The interaction vertices in (23) can be mapped onto corresponding static
matrix elements of the large Nc operator analysis:
〈B′|L(4)3 |B〉 =
h2
16 f 2
〈B′| i fabc T (c) |B〉 ∂µ
(
tr [(∂0Φ), λ
(a)]− [(∂
µΦ), λ(b)]−
)
+
h3
16 f 2
〈B′| i fabc T (c) |B〉 tr [(∂0 ∂µΦ), λ(a)]− [(∂µΦ), λ(b)]− , (24)
where h
(2)
F ∼ h2 and h(3)F ∼ h3. We summarize our result for the quasi-local
chiral interaction vertices of order Q3: at leading order the 1/Nc expansion
leads to four relevant parameters only. Also one should stress that the SU(3)
structure of the Q3 terms as they contribute to the s- and p-wave channels
differ from the SU(3) structure of the Q2 terms. For instance the g(S) coupling
constants contribute to the p-wave channels with four independent SU(3) ten-
sors. In contrast, at order Q3 the parameters h
(2)
F and h
(3)
F , which are in fact the
only parameters contribution to the p-wave channels to this order, contribute
with a different and independent SU(3) tensor. This is to be compared with
the static SU(3) prediction that leads to six independent tensors:
8⊗ 8 = 1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27 . (25)
14
Part of the predictive power of the chiral Lagrangian results, because chiral
SU(3) symmetry selects certain subsets of all SU(3) symmetric tensors at a
given chiral order.
2.3 Explicit chiral symmetry breaking
There remain the interaction terms proportional to χ± which break the chiral
SU(3) symmetry explicitly. We collect here all relevant terms of chiral order
Q2 [28,19] and Q3 [51]. It is convenient to visualize the symmetry-breaking
fields χ± of (3) in their expanded forms:
χ+ = χ0 − 1
8 f 2
[
Φ,
[
Φ, χ0
]
+
]
+
+O
(
Φ4
)
, χ− =
i
2 f
[
Φ, χ0
]
+
+O
(
Φ3
)
.(26)
We begin with the 2-point interaction vertices which all follow exclusively from
chiral interaction terms linear in χ+. They read
L(2)χ =−
1
4
tr Φ
[
χ0,Φ
]
+
+ 2 tr B¯
(
bD
[
χ0, B
]
+
+ bF
[
χ0, B
]
− + b0B trχ0
)
+2 dD tr
(
∆¯µ ·∆µ
)
χ0 + 2 d0 tr
(
∆¯µ ·∆µ
)
trχ0
+tr B¯
(
i /∂ −mo [8]
) (
ζ0B trχ0 + ζD [B, χ0]+ + ζF [B, χ0]−
)
,
χ0=
1
3
(
m2π + 2m
2
K
)
1 +
2√
3
(
m2π −m2K
)
λ8 , (27)
where we normalized χ0 to give the pseudo-scalar mesons their isospin aver-
aged masses. The first term in (27) leads to the finite masses of the pseudo-
scalar mesons. Note that to chiral order Q2 one has m2η = 4 (m
2
K − m2π)/3.
The parameters bD, bF , and dD are determined to leading order by the baryon
octet and decuplet mass splitting
m
(Σ)
[8] −m(Λ)[8] = 163 bD (m2K −m2π) , m(Ξ)[8] −m(N)[10] = −8 bF (m2K −m2π) ,
m
(Σ)
[10] −m(∆)[10] = m(Ξ)[8] −m(Σ)[10] = m(Ω)[10] −m(Ξ)[10] = −43 dD (m2K −m2π) . (28)
The empirical baryon masses lead to the estimates bD ≃ 0.06 GeV−1, bF ≃
−0.21 GeV−1, and dD ≃ −0.49 GeV−1. For completeness we recall the leading
large Nc operators for the baryon mass splitting (see e.g. [47]):
〈B′|L(2)χ |B〉 = 〈B′| b1 T (8) + b2 [J (i), G(8)i ]+ |B〉+O
(
1
N2c
)
,
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bD = −
√
3
16
3 b2
m2K −m2π
, bF = −
√
3
16
2 b1 + b2
m2K −m2π
,
dD = −3
√
3
8
b1 + 2 b2
m2K −m2π
, (29)
where we matched the symmetry-breaking parts with λ8. One observes that
the empirical values for bD + bF and dD are remarkably consistent with the
large Nc sum rule bD+ bF ≃ 13 dD. The parameters b0 and d0 are more difficult
to access. They determine the deviation of the octet and decuplet baryon
masses from their chiral SU(3) limit values m
o
[8] and m
o
[10]:
m
(N)
[8] = m
o
[8] − 2m2π (b0 + 2 bF )− 4m2K (b0 + bD − bF ) ,
m
(∆)
[10] = m
o
[10] − 2m2π(d0 + dD)− 4m2K d0 , (30)
where terms of chiral order Q3 are neglected. The size of the parameter b0 is
commonly encoded into the pion-nucleon sigma term
σπN = −2m2π (bD + bF + 2 b0) +O
(
Q3
)
. (31)
Note that the former standard value σπN = (45± 8) MeV of [52] is currently
under debate [53].
The parameters ζ0, ζD and ζF are required to cancel a divergent term in the
baryon wave-function renormalization as it follows from the one loop self-
energy correction or equivalently the unitarization of the s-channel baryon
exchange term. It will be demonstrated explicitly that within our approxima-
tion they will not have any observable effect. They lead to a renormalization
of the three-point vertices only, which can be accounted for by a redefinition
of the parameters in (33). Thus one may simply drop these interaction terms.
The predictive power of the chiral Lagrangian lies in part in the strong cor-
relation of vertices of different degrees as implied by the non-linear fields Uµ
and χ±. A powerful example is given by the two-point vertices introduced in
(27). Since they result from chiral interaction terms linear in the χ+-field (see
(26)), they induce particular meson-octet baryon-octet interaction vertices:
L(4)χ =
i
16 f 2
tr B¯ γµ
[[
Φ, (∂µ Φ)
]
−, ζ0B trχ0 + ζD [B, χ0]+ + ζF [B, χ0]−
]
−
+
i
16 f 2
tr
[
ζ0 B¯ trχ0 + ζD [B¯, χ0]+ + ζF [B¯, χ0]−,
[
Φ, (∂µ Φ)
]
−
]
− γ
µB
− 1
4 f 2
tr B¯
(
bD
[[
Φ,
[
Φ, χ0
]
+
]
+
, B
]
+
+ bF
[[
Φ,
[
Φ, χ0
]
+
]
+
, B
]
−
)
16
− b0
4 f 2
tr B¯ B tr
[
Φ,
[
Φ, χ0
]
+
]
+
. (32)
To chiral order Q3 there are no further four-point interaction terms with ex-
plicit chiral symmetry breaking.
We turn to the three-point vertices with explicit chiral symmetry breaking.
Here the chiral Lagrangian permits two types of interaction terms written as
L(3)χ = L(3)χ,++L(3)χ,−. In L(3)χ,+ we collect 16 axial-vector terms, which result form
chiral interaction terms linear in the χ+ field (see (26)), with a priori unknown
coupling constants F0,..,9 and C0,...,5,
L(3)χ,+=
1
4 f
tr B¯ γ5 γ
µ
([
(∂µ Φ) , F0
[
χ0, B
]
+
+ F1
[
χ0, B
]
−
]
+
)
+ h.c.
+
1
4 f
tr B¯ γ5 γ
µ
([
(∂µ Φ) , F2
[
χ0, B
]
+
+ F3
[
χ0, B
]
−
]
−
)
+ h.c.
+
1
2 f
tr B¯ γ5 γ
µ
(
F4
[[
χ0, (∂µ Φ)
]
+
, B
]
+
+ F5
[[
χ0, (∂µ Φ)
]
+
, B
]
−
)
+
1
4 f
tr B¯ γ5 γ
µ
(
F6B tr
(
χ0 (∂µ Φ)
)
+ F7 (∂µ Φ) tr
(
χ0B
))
+ h.c.
+
1
2 f
tr B¯ γ5 γ
µ
(
F8
[
(∂µ Φ) , B
]
+
trχ0 + F9
[
(∂µΦ) , B
]
− trχ0
)
− 1
2 f
tr
{
C0
(
∆¯µ ·
[
χ0, (∂µΦ)
]
+
+ C1
(
∆¯µ ·
[
χ0, (∂µΦ)
]
−
)
B + h.c.
}
− 1
2 f
tr
{(
∆¯µ · (∂µ Φ)
) (
C2
[
χ0, B
]
+
+ C3
[
χ0, B
]
− + h.c.
}
− C4
2 f
tr
{(
∆¯µ · χ0
)
[(∂µ Φ), B]− + h.c.
}
− C5
2 f
tr
{(
∆¯µ · (∂µΦ)
)
B + h.c.
}
tr χ0 . (33)
Similarly in L(3)χ,− we collect the remaining terms which result from chiral
interaction terms linear in χ−. There are three pseudo-scalar interaction terms
with F¯4,5,6 and four additional terms parameterized by δF4,5,6 and δC0
L(3)χ,−=
1
2 f
tr B¯
[
2 i γ5m
o
[8] F¯4
[
χ0,Φ
]
+
+ γ5 γ
µ δF4
[
χ0, (∂µ Φ)
]
+
, B
]
+
+
1
2 f
tr B¯
[
2 i γ5m
o
[8] F¯5
[
χ0,Φ
]
+
+ γ5 γ
µ δF5
[
χ0, (∂µ Φ)
]
+
, B
]
−
+
1
2 f
tr B¯
(
2 i γ5m
o
[8] F¯6 tr (χ0Φ) + γ5 γ
µ δF6 tr (χ0 (∂µ Φ) )
)
B
− δC0
2 f
tr
(
∆¯µ ·
[
χ0, (∂µΦ)
]
+
B + h.c.
)
. (34)
17
We point out that, while the parameters Fi and Ci contribute to matrix el-
ements of the SU(3) axial-vector current Aµa , none of the terms of (34) con-
tribute. This follows once the external axial-vector current is restored. In (33)
this is achieved with the replacement ∂µ Φa → ∂µ Φa+2 f Aµa (see (1)). Though
it is obvious that the pseudo-scalar terms in (34) proportional to F¯i do not
contribute to the axial-vector current, it is less immediate that the terms pro-
portional to δFi and δCi also do not contribute. Moreover, the latter terms
appear redundant, because terms with identical structure at the 3-point level
are already listed in (34). Here one needs to realize that the terms proportional
to δFi and δCi result from chiral interaction terms linear in [Dµ, χ−]− while
the terms proportional to Fi, Ci result from chiral interaction terms linear in
Uµ.
The pseudo-scalar parameters F¯i and also δFi lead to a tree-level Goldberger-
Treiman discrepancy. For instance, we have
f gπNN − gAmN = 2mN m2π (F¯4 + δF4 + F¯5 + δF5) +O
(
Q3
)
, (35)
where we introduced the pion-nucleon coupling constant gπNN and the axial-
vector coupling constant of the nucleon gA. The corresponding generalized
Goldberger-Treiman discrepancies for the remaining axial-vector coupling con-
stants of the baryon octet states follow easily from the replacement rule
Fi → Fi + F¯i + δFi for i = 4, 5, 6 (see also [54]). We emphasize that (35)
must not be confronted directly with the Goldberger-Treiman discrepancy as
discussed in [55,56,54], because it necessarily involves the SU(3) parameter f
rather than fπ ≃ 92 MeV or fK ≃ 113 MeV.
The effect of the axial-vector interaction terms in (33) is twofold. First, they
lead to renormalized values of the F[8], D[8] and C[10] parameters in (7). Sec-
ondly they induce interesting SU(3) symmetry-breaking effects which are pro-
portional to (m2K −m2π) λ8. Note that the renormalization of the F[8], D[8] and
C[10] parameters requires care, because it is necessary to discriminate between
the renormalization of the axial-vector current and the one of the meson-
baryon coupling constants. We introduce FR, DR and CR as they enter matrix
elements of the axial-vector current :
FR = F[8] + (m
2
π + 2m
2
K)
(
F9 +
2
3
(F2 + F5)
)
,
DR = D[8] + (m
2
π + 2m
2
K)
(
F8 +
2
3
(F0 + F4)
)
,
CR = C[10] + (m
2
π + 2m
2
K)
(
C5 +
2
3
(C0 + C2)
)
, (36)
and the renormalized parameters FA,P , DA,P and CA as they are relevant for
the meson-baryon 3-point vertices:
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FA = FR +
2
3
(m2π + 2m
2
K) δF5 , DA = DR +
2
3
(m2π + 2m
2
K) δF4 ,
FP =
2
3
(m2π + 2m
2
K) F¯5 , DP =
2
3
(m2π + 2m
2
K) F¯4 ,
CA = CR +
2
3
(m2π + 2m
2
K) δC0 . (37)
The index A or P indicates whether the meson couples to the baryon via
an axial-vector vertex (A) or a pseudo-scalar vertex (P). It is clear that the
effects of (36) and (37) break the chiral symmetry but do not break the SU(3)
symmetry. In this work we will use the renormalized parameters FR, DR and
CR. One can always choose the parameters F8, F9 and C5 as to obtain FR =
F[8], DR = D[8] and CR = C[10]. In order to distinguish the renormalized values
from their bare values one needs to determine the parameters F8, F9 and C5
by investigating higher-point Green functions. This is beyond the scope of this
work.
The number of parameters inducing SU(3) symmetry-breaking effects can
be reduced significantly by the large Nc analysis. We recall the five leading
operators presented in [48]
〈B′| L(3)χ |B〉 =
1
f
〈B′|O(a)i (c˜)|B〉 tr λa∇(i) Φ + 4 〈B′|O(a)i (c)|B〉A(i)a ,
O
(a)
i (c) = c1 (d
8a
bG
(b)
i +
1
3
δa8 Ji) + c2 (d
8a
b Ji T
(b) + δa8 Ji)
+ c3 [G
(a)
i , T
(8)]+ + c4 [T
(a), G
(8)
i ]+ + c5 [J
2, [T (8), G
(a)
i ]−]− .(38)
It is important to observe that the parameters ci and c˜i are a priori indepen-
dent. They are correlated by the chiral SU(3) symmetry only. With (15) it is
straightforward to map the interaction terms (38), which all break the SU(3)
symmetry linearly, onto the chiral vertices of (33) and (34). This procedure
relates the parameters ci and c˜i. One finds that the matching is possible for all
operators leaving only ten independent parameters ci, c˜1,2, c¯1,2 and a, rather
than the twenty-three Fi, Ci and δFi, δCi and F¯i parameters in (33,34). We
derive ci = c˜i for i = 3, 4, 5 and
F1 = −
√
3
2
c3
m2K −m2π
, F2 = −
√
3
2
c4
m2K −m2π
, F3 = − 1√
3
c3 + c4
m2K −m2π
,
F4 = −
√
3
4
c1
m2K −m2π
, F5 = −
√
3
4
2
3
c1 + c2
m2K −m2π
, F6 = −
√
3
2
2
3
c1 + c2
m2K −m2π
,
C0 = −
√
3
2
c1
m2K −m2π
, C1 = −
√
3
2
c3 − c4 + 3 c5
m2K −m2π
,
C3 = −
√
3
c3
m2K −m2π
, C4 = −
√
3
c4
m2K −m2π
, F0,7 = C2,5 = 0 , (39)
and
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gA (Exp.) FR DR c1 c2 c3 c4 c5
n→ p e− ν¯e 1.267 ± 0.004 1 1 53√3
1√
3
5√
3
1√
3
0
Σ− → Λ e− ν¯e 0.601 ± 0.015 0
√
2
3
√
2
3 0 0 0 0
Λ→ p e− ν¯e −0.889 ± 0.015 −
√
3
2 − 1√6
1
2
√
2
1
2
√
2
− 3
2
√
2
1
2
√
2
0
Σ− → n e− ν¯e 0.342 ± 0.015 −1 1 − 16√3
1
2
√
3
1
2
√
3
−
√
3
2 0
Ξ− → Λ e− ν¯e 0.306 ± 0.061
√
3
2 − 1√6 −
1
6
√
2
− 1
2
√
2
− 1
2
√
2
− 5
2
√
2
0
Ξ− → Σ0 e− ν¯e 0.929 ± 0.112 1√2
1√
2
− 5
6
√
6
− 1
2
√
6
− 5
2
√
6
− 1
2
√
6
0
Table 1
Axial-vector coupling constants for the weak decay processes of the baryon octet
states. The empirical values for gA are taken from [57]. Here we do not consider
SU(3) symmetry-breaking effects of the vector current. The last seven columns give
the coefficients of the axial-vector coupling constants gA decomposed into the FR,
DR and ci parameters.
F¯4 = −
√
3
4
c¯1
m2K −m2π
, δF4 = −
√
3
4
δc1
m2K −m2π
,
F¯5 = −
√
3
4
2
3
c¯1 + c¯2 + a
m2K −m2π
, δF5 = −
√
3
4
2
3
δc1 + δc2 − a
m2K −m2π
,
F¯6 = −
√
3
2
2
3
c¯1 + c¯2 + a
m2K −m2π
, δF6 = −
√
3
2
2
3
δc1 + δc2 − a
m2K −m2π
,
δC0 = −
√
3
2
c˜1 − c1
m2K −m2π
, δci = c˜i − ci − c¯i . (40)
In (40) the pseudo-scalar parameters F¯4,5,6 are expressed in terms of the more
convenient dimension less parameters c¯1,2 and a. Here we insist that an ex-
pansion analogous to (38) holds also for the pseudo-scalar vertices in (34).
The analysis of [57], which considers constraints from the weak decay processes
of the baryon octet states and the strong decay widths of the decuplet states,
obtains c2 ≃ −0.15 and c3 ≃ 0.09 but finds values of c1 and c4 which are
compatible with zero 1 . In Tab. (1) we reproduce the axial-vector coupling
constants as given in [57] relevant for the various baryon octet weak-decay
processes. Besides CA + 2 c˜1/
√
3, the empirical strong-decay widths of the
decuplet states constrain the parameters c3 and c4 only, as is evident from the
expressions for the decuplet widths
1 The parameters of [57] are obtained with ci → −
√
3 ci/2 and a = DR + (c1 +
3 c3)/
√
3 and b = FR − 2 a/3 + (2 c1/3 + c2 + 2 c3 + c4)/
√
3. Note that the analysis
of [57] does not determine the parameter c5.
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Γ
(∆)
[10] =
mN + EN
2 π f 2
p3πN
12m
(∆)
[10]
(
CA +
2√
3
(c˜1 + 3 c3)
)2
,
Γ
(Σ)
[10] =
mΛ + EΛ
2 π f 2
p3πΛ
24m
(Σ)
[10]
(
CA +
2√
3
c˜1
)2
+
mΣ + EΣ
3 π f 2
p3πΣ
24m
(Σ)
[10]
(
CA +
2√
3
(c˜1 + 6 c4)
)2
,
Γ
(Ξ)
[10] =
mΞ + EΞ
2 π f 2
p3πΞ
24m
(Ξ)
[10]
(
CA +
2√
3
(c˜1 − 3 c3 + 3 c4)
)2
, (41)
where for example m∆ =
√
m2N + p
2
πN +
√
m2π + p
2
πN and EN =
√
m2N + p
2
πN .
For instance, the values CA + 2 c˜1/
√
3 ≃ 1.7, c3 ≃ 0.09 and c4 ≃ 0.0 to-
gether with f ≃ fπ ≃ 93 MeV lead to isospin averaged partial decay widths
of the decuplet states which are compatible with the present day empirical
estimates. It is clear that the six data points for the baryon octet decays can
be reproduced by a suitable adjustment of the six parameters FR, DR and
c1,2,3,4. The non-trivial issue is to what extent the explicit SU(3) symmetry-
breaking pattern in the axial-vector coupling constants is consistent with the
symmetry-breaking pattern in the meson-baryon coupling constants. Here a
possible strong energy dependence of the decuplet self-energies may invalidate
the use of the simple expressions (41). A more direct comparison with the
meson-baryon scattering data may be required.
Finally we wish to mention an implicit assumption one relies on if Tab. 1
is applied. In a strict chiral expansion the Q2 effects included in that table
are incomplete, because there are various one-loop diagrams which are not
considered but carry chiral order Q2 also. However, in a combined chiral and
1/Nc expansion it is natural to neglect such loop effects, because they are
suppressed by 1/Nc. This is immediate with the largeNc scaling rulesmπ ∼ N0c
and f ∼ √Nc [23,24] together with the fact that the one-loop effects are
proportional to m2K,π/(4π f
2) [58]. On the other hand, it is evident from (14)
and (38) that the SU(3) symmetry-breaking contributions are not necessarily
suppressed by 1/Nc. Our approach differs from previous calculations [58–61]
where emphasis was put on the one-loop corrections of the axial-vector current
rather than the quasi-local counter terms which were not considered. It is
clear that part of the one-loop effects, in particular their renormalization scale
dependence, can be absorbed into the counter terms considered in this work.
We will return to the large Nc counting issue when discussing the approximate
scattering kernel and also when presenting our final set of parameters, obtained
from a fit to the data set.
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3 Relativistic meson–baryon scattering
In this section we prepare the ground for our relativistic coupled-channel ef-
fective field theory of meson–baryon scattering. We first develop the formal-
ism for the case of elastic πN scattering for simplicity. The next section is
devoted to the inclusion of inelastic channels which leads to the coupled-
channel approach. Our approach is based on an ’old’ idea present in the lit-
erature for many decades. One aims at reducing the complexity of the rela-
tivistic Bethe-Salpeter equation by a suitable reduction scheme constrained
to preserve the relativistic unitarity cuts [62–64]. A famous example is the
Blankenbecler-Sugar scheme [62] which reduces the Bethe-Salpeter equation
to a 3-dimensional integral equation. For a beautiful variant developed for
pion-nucleon scattering see the work by Gross and Surya [63]. In our work we
derive a scheme which is more suitable for the relativistic chiral Lagrangian.
We do not attempt to establish a numerical solution of the four dimensional
Bethe-Salpeter equation based on phenomenological form factors and interac-
tion kernels [65]. The merit of the chiral Lagrangian is that a major part of
the complexity is already eliminated by having reduced non-local interactions
to ’quasi’ local interactions involving a finite number of derivatives only. Our
scheme is therefore constructed to be particularly transparent and efficient for
the typical case of ’quasi’ local interaction terms. In the course of developing
our approach we suggest a modified subtraction scheme within dimensional
regularization, which complies manifestly with the chiral counting rule (5).
Consider the on-shell pion-nucleon scattering amplitude
〈πi(q¯)N(p¯)| T |πj(q)N(p)〉 = (2π)4 δ4(0) u¯(p¯) T ijπN→πN(q¯, p¯; q, p) u(p) , (42)
where δ4(0) guarantees energy-momentum conservation and u(p) is the nu-
cleon isospin-doublet spinor. In quantum field theory the scattering amplitude
TπN→πN follows as the solution of the Bethe-Salpeter matrix equation
T (k¯, k;w)=K(k¯, k;w) +
∫
d4l
(2π)4
K(k¯, l;w)G(l;w) T (l, k;w) ,
G(l;w)=−i SN(12 w + l)Dπ(12 w − l) , (43)
in terms of the Bethe-Salpeter kernel K(k¯, k;w) to be specified later, the
nucleon propagator SN (p) = 1/(/p−mN+i ǫ) and the pion propagatorDπ(q) =
1/(q2−m2π+i ǫ). Self energy corrections in the propagators are suppressed and
therefore not considered in this work. We introduced convenient kinematics:
w = p+ q = p¯+ q¯ , k = 1
2
(p− q) , k¯ = 1
2
(p¯− q¯) , (44)
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where q, p, q¯, p¯ are the initial and final pion and nucleon 4-momenta. The
Bethe-Salpeter equation (43) implements Lorentz invariance and unitarity for
the two-body scattering process. It involves the off-shell continuation of the on-
shell scattering amplitude introduced in (42). We recall that only the on-shell
limit with p¯2, p2 → m2N and q¯2, q2 → m2π carries direct physical information.
In quantum field theory the off-shell form of the scattering amplitude reflects
the particular choice of the pion and nucleon interpolating fields chosen in
the Lagrangian density and therefore can be altered basically at will by a
redefinition of the fields [66,50].
It is convenient to decompose the interaction kernel and the resulting scatter-
ing amplitude in isospin invariant components
Kij(k¯, k;w) =
∑
I
KI(k¯, k;w)P
(I)
ij , Tij(k¯, k;w)=
∑
I
TI(k¯, k;w)P
(I)
ij ,(45)
with the isospin projection matrices P
(I)
ij . For pion-nucleon scattering one has:
P
( 12)
ij =
1
3
σi σj , P
( 32)
ij = δij −
1
3
σi σj ,
∑
k
P
(I)
ik P
(I′)
kj = δI I′ P
(I)
ij . (46)
The Ansatz (45) decouples the Bethe-Salpeter equation into the two isospin
channels I = 1/2 and I = 3/2.
3.1 On-shell reduction of the Bethe-Salpeter equation
For our application it is useful to exploit the ambiguity in the off-shell struc-
ture and choose a particularly convenient representation. We decompose the
interaction kernel into an ’on-shell irreducible’ part K¯ and ’on-shell reducible’
terms KL and KR which vanish if evaluated with on-shell kinematics either in
the incoming or outgoing channel respectively
K = K¯ +KL +KR +KLR ,
u¯N(p¯)KL
∣∣∣
on−shell = 0 = KR uN(p)
∣∣∣
on−shell . (47)
The term KLR disappears if evaluated with either incoming or outgoing on-
shell kinematics. Note that the notion of an on-shell irreducible kernel K¯ is not
unique per se and needs further specifications. The precise definition of our
particular choice of on-shell irreducibility will be provided when constructing
our relativistic partial-wave projectors. In this subsection we study the generic
consequences of decomposing the interaction kernel according to (47). With
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this decomposition of the interaction kernel the scattering amplitude can be
written as follows
T = T¯ −
(
KL +KLR
)
·
(
1−G·K
)−1 ·G·(KR +KLR)−KLR
+
(
KL +KLR
)
·
(
1−G·K
)−1
+
(
1−K ·G
)−1 ·(KR +KLR) ,
T¯ =
(
1− V ·G
)−1 ·V , (48)
where we use operator notation with, e.g., T = K +K ·G·T representing the
Bethe-Salpeter equation (43). The effective interaction V in (48) is given by
V =
(
K¯ +KR ·G·X
)
·
(
1−G·KL −G·KLR ·G·X
)−1
,
X =
(
1− (KR +KLR)·G
)−1 ·(K¯ +KL) (49)
without any approximations. We point out that the interaction kernels V and
K are equivalent on-shell by construction. This follows from (48) and (47),
which predict the equivalence of T and T¯ for on-shell kinematics
u¯N(p¯) T uN(p)
∣∣∣
on−shell ≡ u¯N(p¯) T¯ uN(p)
∣∣∣
on−shell.
As an explicit simple example for the application of the formalism (48,49)
we consider the s-channel nucleon pole diagram as a particular contribution
to the interaction kernel K(k¯, k;w) in (43). In the isospin 1/2 channel its
contribution evaluated with the pseudo-vector pion-nucleon vertex reads
K(k¯, k;w)=−3 g
2
A
4 f 2
γ5
(
1
2
/w − /¯k
) 1
/w −mN −∆mN (w) γ5
(
1
2
/w − /k
)
, (50)
where we included a wave-function and mass renormalization ∆mN (w) for
later convenience 2 . We construct the various components of the kernel ac-
cording to (47)
K¯ =−3 g
2
A
4 f 2
(/w −mN)2
/w + m¯N
, KLR =
3 g2A
4 f 2
(
/¯p−mN
) 1
/w + m¯N
(
/p−mN
)
,
KL=
3 g2A
4 f 2
(
/¯p−mN
) /w −mN
/w + m¯N
, KR =
3 g2A
4 f 2
/w −mN
/w + m¯N
(
/p−mN
)
, (51)
2 The corresponding counter terms in the chiral Lagrangian (27) are linear combi-
nations of b0, bD and bF and ζ0, ζD and ζF .
24
where m¯N = mN+γ5∆mN (w) γ5. The solution of the Bethe-Salpeter equation
is derived in two steps. First solve for the auxiliary object X in (49)
X =
3 g2A
4 f 2
(
/¯p− /w
) 1
/w + m¯N
(
/w −mN
)
+
3 g2A
4 f 2
(
/¯p+ /w − 2mN
) 3 g2A I(l)π
4 f 2 (/w + m¯N) + 3 g2A Iπ
/w −mN
/w + m¯N
, (52)
where one encounters the pionic tadpole integrals:
Iπ = i
∫
dd l
(2 π)d
µ4−d
l2 −m2π + i ǫ
, I(l)π = i
∫
dd l
(2 π)d
µ4−d /l
l2 −m2π + i ǫ
, (53)
properly regularized for space-time dimension d in terms of the renormaliza-
tion scale µ. Since I(l)π = 0 and KR · G ·(K¯ + KL) ≡ 0 for our example the
expression (52) reduces to X = K¯+KL. The effective potential V (w) and the
on-shell equivalent scattering amplitude T¯ follow
V (w)=−3 g
2
A
4 f 2
(/w −mN )2
/w + m¯N
(
1 +
3 g2A Iπ
4 f 2
/w −mN
/w + m¯N
)−1
,
T¯ (w)=
1
1− V (w) JπN(w) V (w) . (54)
The divergent loop function JπN in (54) defined via K¯ ·G·K¯ = K¯ JπN K¯ may
be decomposed into scalar master-loop functions IπN(
√
s ) and IN , Iπ with
JπN(w)=
(
mN +
w2 +m2N −m2π
2w2
/w
)
IπN(
√
s ) +
IN − Iπ
2w2
/w ,
IπN(
√
s )=−i
∫
ddl
(2π)d
µ4−d
l2 −m2π
1
(w − l)2 −m2N
,
IN = i
∫
dd l
(2 π)d
µ4−d
l2 −m2N + i ǫ
(55)
where s = w2. The result (54) gives an explicit example of the powerful for-
mula (48). The Bethe-Salpeter equation may be solved in two steps. Once the
effective potential V is evaluated the scattering amplitude T¯ is given in terms
of the loop function JπN which is independent on the form of the interaction.
In section 3.3 we will generalize the result (54) by constructing a complete set
of covariant projectors which will define our notion of on-shell irreducibility
explicitly. Before discussing the result (54) in more detail we wish to consider
the regularization and renormalization scheme required for the relativistic loop
functions in (55).
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3.2 Renormalization program
An important requisite of the chiral Lagrangian is a consistent regularization
and renormalization scheme for its loop diagrams. The regularization scheme
should respect all symmetries built into the theory but should also comply with
the power counting rule (5). The standard MS or MS subtraction scheme of
dimensional regularization appears inconvenient, because it contradicts stan-
dard chiral power counting rules if applied to relativistic Feynman diagrams
[67,68]. We will suggest a modified subtraction scheme for relativistic dia-
grams, properly regularized in space-time dimensions d, which complies with
the chiral counting rule (5) manifestly.
We begin with a discussion of the regularization scheme for the one-loop func-
tions Iπ, IN and IπN(
√
s ) introduced in (55). One encounters some freedom in
regularizing and renormalizing those master-loop functions, which are typical
representatives for all one-loop diagrams. We first recall their well-known prop-
erties at d = 4. The loop function IπN(
√
s ) is made finite by one subtraction,
for example at
√
s = 0,
IπN(
√
s ) =
1
16 π2
(
pπN√
s
(
ln
(
1− s− 2 pπN
√
s
m2π +m
2
N
)
− ln
(
1− s+ 2 pπN
√
s
m2π +m
2
N
))
+
(
1
2
m2π +m
2
N
m2π −m2N
− m
2
π −m2N
2 s
)
ln
(
m2π
m2N
)
+ 1
)
+ IπN(0) ,
p2πN =
s
4
− m
2
N +m
2
π
2
+
(m2N −m2π)2
4 s
. (56)
One finds IπN(mN ) − IπN (0) = (4π)−2 + O(mπ/mN) ∼ Q0 in conflict with
the expected minimal chiral power Q. On the other hand the leading chiral
power of the subtracted loop function complies with the prediction of the
standard chiral power counting rule (5) with IπN(
√
s )− IπN (µS) ∼ Q rather
than the anomalous power Q0 provided that µS ∼ mN holds. The anomalous
contribution is eaten up by the subtraction constant IπN(µS). This can be
seen by expanding the loop function
IπN(
√
s ) = i
√
φπN
8 πmN
+
√
φπN
16 π2mN
ln
(√
s−mN +
√
φπN√
s−mN −
√
φπN
)
+
√
m2π − µ2N
8 πmN
−
√
µ2N −m2π
16 π2mN
ln
µN +
√
µ2N −m2π
µN −
√
µ2N −m2π

−
√
s− µS
16 π2mN
ln
(
m2π
m2N
)
+O
(
(µS −mN)2
m2N
, Q2
)
+ IπN(µS) , (57)
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in powers of
√
s − mN ∼ Q and µN = µS − mN . Here we introduced the
approximate phase-space factor φπN = (
√
s−mN)2 −m2π.
It should be clear from the simple example of IπN(
√
s ) in (56) that a manifest
realization of the chiral counting rule (5) is closely linked to the subtraction
scheme implicit in any regularization scheme. A priori it is unclear in which
way the subtraction constants of various loop functions are related by the
pertinent symmetries 3 . Dimensional regularization has proven to be an ex-
tremely powerful tool how to regularize and how to subtract loop functions
in accordance with all symmetries. Therefore we recall the expressions for the
master-loop function IN , and Iπ and IπN(mN ) as they follow in dimensional
regularization:
IN = m
2
N
Γ(1− d/2)
(4π)2
(
m2N
4 π µ2
)(d−4)/2
=
m2N
(4 π)2
(
− 2
4− d + γ − 1− ln(4π) + ln
(
m2N
µ2
)
+O (4− d)
)
, (58)
where d is the dimension of space-time and γ the Euler constant. The expres-
sion for the pionic tadpole follows by replacing the nucleon mass mN in (58)
by the pion mass mπ. The merit of dimensional regularization is that one is
free to subtract all poles at d = 4 including any specified finite term with-
out violating any of the pertinent symmetries. In the MS-scheme the pole
1/(4− d) is subtracted including the finite part γ − ln(4π). That leads to
IN,MS =
m2N
(4π)2
(
−1 + ln
(
m2N
µ2
))
, Iπ,MS =
m2π
(4π)2
(
−1 + ln
(
m2π
µ2
))
,
IπN,MS (mN ) = −
1
(4π)2
ln
(
m2N
µ2
)
− mπ
16 πmN
+O
(
m2π
m2N
)
. (59)
The result (59) confirms the expected chiral power for the pionic tadpole
Iπ ∼ Q2. However, a striking disagreement with the chiral counting rule (5) is
found for the MS-subtracted loop functions IπN ∼ Q0 and IN ∼ Q0. Recall
that for the subtracted loop function IπN(
√
s )− IπN(mN ) ∼ Q the expected
minimal chiral power is manifest (see (57)). It is instructive to trace the source
of the anomalous chiral powers. By means of the identities
IπN (mN) =
Iπ − IN
m2N −m2π
+ IπN(mN )− IπN (0) ,
IπN (mN)− IπN(0) = 1
(4π)2
− mπ
16 πmN
(
1− m
2
π
8m2N
)
3 This aspect was not addressed satisfactorily in [26,27].
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+
1
(4π)2
(
1− 3
2
ln
(
m2π
m2N
))
m2π
m2N
+O
(
m4π
m4N
, d− 4
)
, (60)
it appears that once the subtraction scheme is specified for the tadpole terms
Iπ and IN the required subtractions for the remaining master-loop functions
are unique. In (60) we used the algebraic consistency identity 4
Iπ − IN =
(
m2N −m2π
)
IπN(0) , (61)
which holds for any value of the space-time dimension d, and expanded the
finite expression IπN(mN )− IπN(0) in powers of mπ/mN at d = 4. The result
(60) seems to show that one either violates the desired chiral power for the
nucleonic tadpole, IN , or for the loop function IπN(mN ). One may for example
subtract the pole at d = 4 including the finite constant
γ − 1− ln(4π) + ln
(
m2N
µ2
)
.
That leads to a vanishing nucleonic tadpole IN → 0, which would be consistent
with the expectation IN ∼ Q3, but we find IπN(mN) → 1/(4π)2 + O (mπ),
in disagreement with the expectation IπN (mN) ∼ Q. This problem can be
solved if one succeeds in defining a subtraction scheme which acts differently
on IπN(0) and IπN(mN). We stress that this is legitimate, because IπN(0)
probes our effective theory outside its applicability domain. Mathematically
this can be achieved most economically and consistently by subtracting a pole
in IπN (
√
s ) at d = 3 which arises in the limit mπ/mN → 0. To be explicit we
recall the expression for IπN(
√
s ) at arbitrary space-time dimension d (see eg.
[25]):
IπN (
√
s ) =
(
mN
µ
)d−4
Γ(2− d/2)
(4π)d/2
1∫
0
dz Cd/2−2 ,
C = z2 − s−m
2
N −m2π
m2N
z (1− z) + m
2
π
m2N
(1− z)2 − i ǫ . (62)
We observe that at d = 3 the loop function IπN(
√
s ) is finite at
√
s = 0 but
infinite at
√
s = mN if one applies the limit mπ/mN → 0. One finds
IπN (mN ) =
1
8 π
µ
mN
1
d− 3 −
1
16 π
µ
mN
(
ln(4 π) + ln
(
µ2
m2N
)
+
Γ′(1/2)√
π
)
+O
(
mπ
mN
, d− 3
)
. (63)
4 Note that (61) leads to a well-behaved loop function JπN (w) at w = 0 (see (55)).
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We are now prepared to introduce a minimal chiral subtraction scheme which
may be viewed as a simplified variant of the scheme of Becher and Leutwyler
in [25]. As usual one first needs to evaluate the contributions to an observable
quantity at arbitrary space-time dimension d. The result shows poles at d = 4
and d = 3 if considered in the non-relativistic limit with mπ/mN → 0. Our
modified subtraction scheme is defined by the replacement rules:
1
d− 3 → −
mN
2π µ
,
2
d− 4 → γ − 1− ln(4π) + ln
(
m2N
µ2
)
, (64)
where it is understood that poles at d = 3 are isolated in the non-relativistic
limit with mπ/mN → 0. The d = 4 poles are isolated with the ratio mπ/mN at
its physical value. The limit d→ 4 is applied after the pole terms are replaced
according to (64). We emphasize that there are no infrared singularities in
the residuum of the 1/(d − 3)-pole terms. In particular we observe that the
anomalous subtraction implied in (64) does not lead to a potentially trouble-
some pion-mass dependence of the counter terms 5 . To make contact with a
non-relativistic scheme one needs to expand the loop function in powers of
p/mN where p represents any external three momentum.
We collect our results for the loop functions IN , Iπ and IπN(mN) as implied
by the subtraction prescription (64):
I¯N = 0 , I¯π =
m2π
(4π)2
ln
(
m2π
m2N
)
,
I¯πN (mN) = − mπ
16 πmN
(
1− m
2
π
8m2N
)
+
1
(4π)2
(
1− 1
2
ln
(
m2π
m2N
))
m2π
m2N
+O
(
m4π
m4N
)
, (65)
where the ’ ¯ ’ signals a subtracted loop functions 6 . The result shows that
now the loop functions behave according to their expected minimal chiral
power (5). Note that the one-loop expressions (65) do no longer depend on
5 In the scheme of Becher and Leutwyler [25] a pion-mass dependent subtraction
scheme for the scalar one-loop functions is suggested. To be specific the master-
loop function IπN (
√
s) is subtracted by a regular polynomial in s,mN and mπ of
infinite order. That may lead to a pion-mass dependence of the counter terms in
the chiral Lagrangian. In our scheme we subtract only a constant which agrees with
the non-relativistic limit of the suggested polynomial of Becher and Leutwyler. Our
subtraction constant does not depend on the pion mass.
6 The renormalized loop function JπN (w) is no longer well-behaved at w = 0. This
was expected and does not cause any harm, because the point
√
s = 0 is far outside
the applicability domain of our effective field theory.
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the renormalization scale µ introduced in dimensional regularization 7 . This
should not be too surprising, because the renormalization prescription (64)
has a non-trivial effect on the counter terms of the chiral Lagrangian. The
prescription (64) defines also a unique subtraction for higher loop functions
in the same way the MS-scheme does. The renormalization scale dependence
will be explicit at the two-loop level, reflecting the presence of so-called overall
divergences.
We checked that all scalar one-loop functions, subtracted according to (64),
comply with their expected minimal chiral power (5). Typically, loop functions
which are finite at d = 4 are not affected by the subtraction prescription (64).
Also, loop functions involving pion propagators only do not show singularities
at d = 3 and therefore can be related easily to the corresponding loop functions
of the MS-scheme. Though it may be tedious to relate the standard MS-
scheme to our scheme in the nucleon sector, in particular when multi-loop
diagrams are considered, we assert that we propose a well defined prescription
for regularizing all divergent loop integrals. A prescription which is far more
convenient than theMS-scheme, because it complies manifestly with the chiral
counting rule (5) 8 .
If we were to perform calculations within standard chiral perturbation the-
ory in terms of the relativistic chiral Lagrangian we would be all set for any
computation. However, as advocated before we are heading towards a non-
perturbative chiral theory. That requires a more elaborate renormalization
program, because we wish to discriminate carefully reducible and irreducible
diagrams and sum the reducible diagrams to infinite order. The idea is to
take over the renormalization program of standard chiral perturbatioon the-
ory to the interaction kernel. In order to apply the standard perturbative
7 One may make contact with the non-relativistic so-called PDS-scheme of [69] by
slightly modifying the replacement rule for the pole at d = 3. With
1
d− 3 → 1−
mN
2π µ
, IπN (mN )→ 1
16π
2µ −mπ
mN
+O
(
m2π
m2N
)
,
power counting is manifest if one counts µ ∼ Q. This is completely analogous to
the PDS-scheme
8 Note that it is unclear how to generalize our prescription in the presence of two
massive fields with respective masses m1 and m2 and m1 ≫ m2. For the decuplet
baryons one may countm[8]−m[9] ∼ Q as suggested by large Nc counting arguments
and therefore start with a common mass for the baryon octet and decuplet states.
The presence of the B∗µ field in the chiral Lagrangian does cause a problem. Since
we include the B∗µ field only at tree-level in the interaction kernel of pion-nucleon
and kaon-nucleon scattering, we do not further investigate the possible problems
in this work. Formally one may avoid such problems all together if one counts
m[8] −m[9] ∼ Q even though this assignment may not be effective.
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renormalization program for the interaction kernel one has to move all di-
vergent parts lying in reducible diagrams into the interaction kernel. That
problem is solved in part by constructing an on-shell equivalent interaction
kernel according to (47,48,49). It is evident that the ’moving’ of divergences
needs to be controlled by an additional renormalization condition. Any such
condition imposed should be constructed so as to respect crossing symmetry
approximatively. While standard chiral perturbation theory leads directly to
cross symmetric amplitudes at least approximatively, it is not automatically
so in a resummation scheme.
Before introducing our general scheme we examine the above issues explicitly
with the example worked out in detail in the previous section. Taking the s-
channel nucleon pole term as the driving term in the Bethe-Salpeter equation
we derived the explicit result (54). We first discuss its implicit nucleon mass
renormalization. The result (54) shows a pole at the physical nucleon mass
with /w = −mN , only if the mass-counter term ∆mN in (50) is identified as
follows
∆mN =
3 g2A
4 f 2
2mN
(
m2π IπN(mN )− IN
)
. (66)
In the MS-scheme the divergent parts of ∆mN , or more precisely the renor-
malization scale dependent parts, may be absorbed into the nucleon bare mass
[67]. In our scheme we renormalize by simply replacing IπN → I¯πN , Iπ → I¯π
and IN → I¯N = 0. The result (66) together with (65) then reproduces the well
known result [67,68]
∆mN = −3 g
2
Am
3
π
32 π f 2
+ · · · ,
commonly derived in terms of the one-loop nucleon self energy ΣN (p). In order
to offer a more direct comparison of (54) with the nucleon self-energy ΣN (p)
we recall the one-loop result
ΣN(p) =
3 g2A
4 f 2
(
mN
(
m2π IπN(
√
p2 )− IN
)
− /p
(
p2 −m2N
2 p2
Iπ +
p2 +m2N
2 p2
IN
+
(
(p2 −m2N)2
2 p2
−m2π
p2 +m2N
2 p2
)
IπN(
√
p2 )
))
, (67)
in terms of the convenient master-loop function IπN(
√
p2) and the tadpole
terms IN and Iπ. We emphasize that the expression (67) is valid for arbi-
trary space-time dimension d. The wave-function renormalization, ZN , of the
nucleon can be read off (67)
31
Z−1N =1−
∂ ΣN
∂ /p
∣∣∣∣∣
/p=mN
= 1− 3 g
2
A
4 f 2
2m2πmN ∂ IπN(
√
p2)
∂
√
p2
∣∣∣∣∣
p2=m2
N
− Iπ

=1− 3 g
2
A
4 f 2
m2π
(4π)2
(
−4− 3 ln
(
m2π
m2N
)
+ 3 π
mπ
mN
+O
(
m2π
m2N
))
, (68)
where in the last line of (68) we applied our minimal chiral subtraction scheme
(64). The result (68) agrees with the expressions obtained previously in [67,68,25].
Note that in (68) we suppressed the contribution of the counter terms ζ0, ζD
and ζF .
It is illuminating to discuss the role played by the pionic tadpole contribution,
Iπ, from V (w) in (54) and from JπN(w) in (55). In the mass renormalization
(66) both tadpole contributions cancel identically. If one dropped the pio-
nic tadpole term Iπ in the effective interaction V (w) one would find a mass
renormalization ∆mN ∼ mN Iπ/f 2 ∼ Q2, in conflict with the expected min-
imal chiral power ∆mN ∼ Q3. Since we would like to evaluate the effective
interaction V in chiral perturbation theory we take this cancellation as the
motivation to ’move’ all tadpole contributions from the loop function JπN(w)
to the effective interaction kernel V (w). We split the meson-baryon propagator
G = ZN (GR + ∆G) into two terms GR and ∆G which leads to a renormal-
ized tadpole-free loop function GR. The renormalized effective potential VR(w)
follows
T¯R =
ZN
1− V ·G · V =
1
1− VR ·GR · VR , VR =
ZN
1−ZN V ·∆G · V ,(69)
where we introduced the renormalized scattering amplitude T¯R = Z
1
2
N T¯ Z
1
2
N
as implied by the LSZ reduction scheme. Now the cancellation of the pionic
tadpole contributions is easily implemented by applying the chiral expansion
to VR(w). The renormalized interaction kernel VR(w) is real by construction.
Our renormalization scheme is still incomplete 9 . We need to specify how to
absorb the remaining logarithmic divergence in IπN(
√
s ). The strategy is to
move all divergences from the unitarity loop function JπN(w) into the renor-
malized potential VR(w) via (69). For the effective potential one may then ap-
ply the standard perturbative renormalization program. We impose the renor-
malization condition that the effective potential VR(w) matches the scattering
amplitudes at a subthreshold energy
√
s = µS:
T¯R(µS) = VR(µS) . (70)
9 We discuss here the most general case not necessarily imposing the minimal chiral
subtraction scheme (64).
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We argue that the choice for the subtraction point µS is rather well determined
by the crossing symmetry constraint. In fact one is lead almost uniquely to
the convenient point µS = mN . For the case of pion-nucleon scattering one
observes that the renormalized effective interaction VR is real only if mN −
mπ < µS < mN +mπ holds. The first condition reflects the s-channel unitarity
cut with ℑIπN(µS) = 0 only if µS < mN +mπ. The second condition signals
the u-channel unitarity cut. A particular convenient choice for the subtraction
point is µS = mN , because it protects the nucleon pole term contribution. It
leads to
T¯R(w)=VR(w) +O
(
(/w +mN )
0
)
=−3 (ZN gA)
2
4 f 2
4m2N
/w +mN
+O
(
(/w +mN )
0
)
, (71)
if the renormalized loop function is subtracted in such a way that IπN,R(mN) =
0 and I ′πN,R(mN ) = 0 hold.
Note that we insist on a minimal subtraction for the scalar loop function
IπN(
√
s ) ’inside’ the full loop function JπN (w). According to (56) one sub-
traction suffices to render IπN(
√
s ) finite. A direct subtraction for JπN(w)
would require an infinite subtraction polynomial which would not be specified
by the simple renormalization condition (70). We stress that the double sub-
traction in IπN(
√
s ) is necessary in order to meet the condition (70). Only with
I ′πN,R(mN ) = 0 the renormalized effective potential VR(w) in (71) represents
the s-channel nucleon pole term in terms of the physical coupling constant
ZN gA properly. For example, it is evident that if VR is truncated at chiral
order Q2 one finds ZN = 1. The one-loop wave-function renormalization (68)
is needed if one considers the Q3-terms in VR.
We observe that the subtracted loop function IπN(
√
s ) − IπN(µS) is in fact
independent of the subtraction point to order Q2 if one counted µS−mN ∼ Q2.
In this case one derives from (57) the expression
IπN(
√
s )− IπN(µS) = i
√
φπN
8 πmN
+
mπ
16 πmN
−
√
s−mN
16 π2mN
ln
(
m2π
m2N
)
+
√
φπN
16 π2mN
ln
(√
s−mN +
√
φπN√
s−mN −
√
φπN
)
+O
(
Q2
)
,(72)
where φπN = (
√
s−mN)2−m2π. The result (72) suggests that one may set up
a systematic expansion scheme in powers of µS −mN ∼ Q2. The subtraction-
scale independence of physical results then implies that all powers (µS−mN )n
cancel except for the leading term with n = 0. In this sense one may say that
the scattering amplitude is independent of the subtraction point µS. Note
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that such a scheme does not necessarily require a perturbative expansion of
the scattering amplitude. It may be advantageous instead to restore that min-
imal µS-dependence in the effective potential V , leading to a subtraction scale
independent scattering amplitude at given order in (µS −mN ). Equivalently,
it is legitimate to directly insist on the ’physical’ subtraction with µS = mN .
There is a further important point to be made: we would reject a conceivable
scheme in which the inverse effective potential V −1 is expanded in chiral pow-
ers, even though it would obviously facilitate the construction of that minimal
µS-dependence. As examined in detail in [26] expanding the inverse effective
potential requires a careful analysis to determine if the effective potential has
a zero within its applicability domain. If this is the case one must reorganize
the expansion scheme. Note that this is particularly cumbersome in a coupled-
channel scenario where one must ensure that det V 6= 0 holds. Since in the
SU(3) limit the Weinberg-Tomozawa interaction term, which is the first term
in the chiral expansion of V , leads to det VWT = 0 (see (106)) one should not
pursue this path 10 .
We address an important aspect related closely to our renormalization scheme,
the approximate crossing symmetry. At first, one may insist on either a strict
perturbative scheme or an approach which performs a simultaneous iteration
of the s- and u-channel in order to meet the crossing symmetry constraint. We
point out, however, that a simultaneous iteration of the s- and u-channel is not
required, if the s-channel iterated and u-channel iterated amplitudes match at
subthreshold energies
√
s ≃ µS ≃ mN to high accuracy. This is a sufficient
condition in the chiral framework, because the overlap of the applicability do-
mains of the s- and u-channel iterated amplitudes are restricted to a small
matching window at subthreshold energies in any case. This will be discussed
in more detail in section 4.3. Note that crossing symmetry is not necessarily
observed in a cutoff regularized approach. In our scheme the meson-baryon
scattering process is perturbative below the s and u-channel unitarity thresh-
olds by construction and therefore meets the crossing symmetry constraints
approximatively. Non-perturbative effects as implied by the unitarization are
then expected at energies outside the matching window.
Before turning to the coupled channel formalism we return to the question of
the convergence of standard χPT. The poor convergence of the standard χPT
scheme in the K¯N sector is illustarted by comparing the effect of the iteration
of the Weinberg-Tomozawa term in the K¯N and πN channels.
10 There is a further strong indication that the expansion of the inverse effective
potential indeed requires a reorganization. The effective p-wave interaction kernel
is troublesome, because the nucleon-pole term together with a smooth background
term will lead necessarily to a non-trivial zero.
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3.3 Weinberg-Tomozawa interaction and convergence of χPT
We consider the Weinberg-Tomozawa interaction term KWT (k¯, k;w) as the
driving term in the Bethe-Salpeter equation. This is an instructive example
because it exemplifies the non-perturbative nature of the strangeness channels
and it also serves as a transparent first application of our renormalization
scheme. The on-shell equivalent scattering amplitude T¯WT (w) is
VWT (w) =
(
1− c
4f 2
IL
)−1
c
4f 2
(
2 /w − 2M − ILR c
4f 2
)(
1− IR c
4f 2
)−1
,
T¯WT (w) =
1
1− VWT (w) J(w) VWT (w) , KWT (k¯, k;w) = c
/q + /¯q
4 f 2
, (73)
where the Bethe-Salpeter scattering equation (43) was solved algebraically
following the construction (47,48). Here we identify KR ·G→ IR, G ·KL → IL
and KR · G · KL → ILR with the mesonic tadpole loop IM (see (53)) with
IL = IR = IM and ILR = (/w − M) IM . The meson-baryon loop function
J(w) is defined for the πN system in (55). The coupling constants c
(I)
MB→MB
specifies the strength of the Weinberg-Tomozawa interaction in a given meson-
baryon channel with isospin I. Note that (73) is written in a way such that
coupled channel effects are easily included by identifying the proper matrix
structure of its building blocks. A detailed account of these effects will be
presented in subsequent sections. We emphasize that the mesonic tadpole IM
cannot be absorbed systematically in f , in particular when the coupled channel
generalization of (73) with its non-diagonal matrix c is considered. At leading
chiral order Q the tadpole contribution should be dropped in the effective
interaction V in any case.
It is instructive to consider the s-wave K¯N scattering lengths up to second or-
der in the Weinberg-Tomozawa interaction vertex. The coefficients c
(0)
K¯N→K¯N =
3 and c
(0)
K¯N→K¯N = 3 and c
(1)
K¯N→K¯N = 1 lead to
4 π
(
1 +
mK
mN
)
a
(I=0)
K¯N
=
3
2
mK
f 2
(
1 +
3m2K
16 π2 f 2
(
π − ln
(
m2K
m2N
)))
+ · · · ,
4 π
(
1 +
mK
mN
)
a
(I=1)
K¯N
=
1
2
mK
f 2
(
1 +
m2K
16 π2 f 2
(
π − ln
(
m2K
m2N
)))
+ · · · ,(74)
where we included only the s-channel iteration effects following from (73). The
loop function IKN(
√
s) was subtracted at the nucleon mass and all tadpole
contributions are dropped. Though the expressions (74) are incomplete in the
χPT framework (terms of chiral order Q2 and Q3 terms are neglected) it is
highly instructive to investigate the convergence property of a reduced chiral
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Fig. 1. Real (l.h.s.) and imaginary (r.h.s.) part of the isospin zero s-wave K−-nucleon
scattering amplitude as it follows from the SU(3) Weinberg-Tomozawa interaction
term in a coupled channel calculation. We use f = 93 MeV and identify the sub-
traction point with the Λ(1116) mass.
Lagrangian with the Weinberg-Tomozawa interaction only. According to (74)
the relevant expansion parameter m2K/(8πf
2) ≃ 1 is about one in the K¯N
sector. One observes the enhancement factor 2π as compared to irreducible
diagrams which would lead to the typical factorm2K/(4π f)
2. The perturbative
treatment of the Weinberg-Tomozawa interaction term is therefore unjustified
and a change in approximation scheme is required. In the isospin zero K¯N
system the Weinberg-Tomozawa interaction if iterated to all orders in the
s-channel (73) leads to a pole in the scattering amplitude at subthreshold
energies
√
s < mN +mK . This pole is a precursor of the Λ(1405) resonance
[70,31,19–21].
In Fig. 1 we anticipate our final result for the leading interaction term of the
chiral SU(3) Lagrangian density suggested by Tomozawa and Weinberg. If
taken as input for the multi-channel Bethe-Salpeter equation, properly fur-
nished with a renormalization scheme leading to a subtraction point close
to the baryon octet mass, a rich structure of the scattering amplitude arises.
Details for the coupled channel generalization of (73) are presented in the sub-
sequent sections. Fig. 1 shows the s-wave solution of the multi-channel Bethe-
Salpeter as a function of the kaon mass. For physical kaon masses the isospin
zero scattering amplitude exhibits a resonance structure at energies where one
would expect the Λ(1405) resonance. We point out that the resonance struc-
ture disappears as the kaon mass is decreased. Already at a hypothetical kaon
mass of 300 MeV the Λ(1405) resonance is no longer formed. Fig. 1 demon-
strates that the chiral SU(3) Lagrangian is necessarily non-perturbative in
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the strangeness sector. This confirms the findings of [19,20]. In previous works
however the Λ(1405) resonance is the result of a fine tuned cutoff param-
eter which gives rise to a different kaon mass dependence of the scattering
amplitude [20]. In our scheme the choice of subtraction point close to the
baryon octet mass follows necessarily from the compliance of the expansion
scheme with approximate crossing symmetry. Moreover, the identification of
the subtraction point with the Λ-mass in the isospin zero channel protects the
hyperon exchange s-channel pole contribution and therefore avoids possible
pathologies at subthreshold energies.
We turn to the pion-nucleon sector. The chiral SU(2) Lagrangian has been
successfully applied to pion-nucleon scattering in standard chiral perturba-
tion theory [29,30,71]. Here the typical expansion parameter m2π/(8 π f
2)≪ 1
characterizing the unitarization is sufficiently small and one would expect
good convergence properties. The application of the chiral SU(3) Lagrangian
to pion-nucleon scattering on the other hand is not completely worked out
so far. In the SU(3) scheme the πN channel couples for example to the KΣ
channel. Thus the slow convergence of the unitarization in the KΣ channel
suggests to expand the interaction kernel rather than the scattering ampli-
tude also in the strangeness zero channel. This may improve the convergence
properties of the chiral expansion and extend its applicability domain to larger
energies. Also, if the same set of parameters are to be used in the pion-nucleon
and kaon-nucleon sectors the analogous partial resummation of higher order
counter terms included by solving the Bethe-Salpeter equation should be ap-
plied. We illustrate such effects for the case of the Weinberg-Tomozawa inter-
action. With c
( 3
2
)
πN→πN = −1 and c(
3
2
)
πN→KΣ = −1 the isospin three half s-wave
pion-nucleon scattering lengths a
( 3
2
)
πN receive the typical correction terms
4 π
(
1 +
mπ
mN
)
a
( 3
2
)
πN = −
mπ
2 f 2
(
1− m
2
π
16 π2 f 2
(
π − ln
(
m2π
m2N
))
−(mπ +mK)
2
32 π2 f 2
(
− 1− 1
2
ln
(
m2K
m2Σ
)
+π
(
3mK
4mN
− mΣ −mN
2mK
)
+O
(
Q2
)))
+O
(
m2π
)
, (75)
where we again considered exclusively the unitary correction terms. Note that
the ratio (mΣ −mN)/mK arises in (75), because we first expand in powers of
mπ and only then expand further with mΣ−mN ∼ Q2 and m2K ∼ Q2. The cor-
rection terms in (75) induced by the kaon-hyperon loop, which is subtracted
at the nucleon mass, exemplify the fact that the parameter f is renormalized
by the strangeness sector and therefore must not be identified with the chiral
limit value of f as derived for the SU(2) chiral Lagrangian. This is evident if
one confronts the Weinberg-Tomozawa theorem of the chiral SU(2) symmetry
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with (75). The expression (75) demonstrates further that this renormalization
of f appears poorly convergent in the kaon mass. Note in particular the anoma-
lously large term πmK/mN . Hence it is advantageous to consider the partial
resummation induced by a unitary coupled channel treatment of pion-nucleon
scattering.
3.4 Partial-wave decomposition of the Bethe-Salpeter equation
The Bethe-Salpeter equation (43) can be solved analytically for quasi-local
interaction terms which typically arise in the chiral Lagrangian. The scat-
tering equation is decoupled by introducing relativistic projection operators
Y (±)n (q¯, q;w) with good total angular momentum:
Y (±)n (q¯, q;w) =
1
2
(
/w√
w2
± 1
)
Y¯n+1(q¯, q;w)
−1
2
(
/¯q − w · q¯
w2
/w
)(
/w√
w2
∓ 1
)(
/q − w · q
w2
/w
)
Y¯n(q¯, q;w) ,
Y¯n(q¯, q;w) =
[(n−1)/2]∑
k=0
(−)k (2n− 2 k)!
2n k! (n− k)! (n− 2 k − 1)! Y
k
q¯q¯ Y
n−2 k−1
q¯q Y
k
qq ,
Yq¯q¯ =
(w · q¯) (q¯ · w)
w2
− q¯ · q¯ , Yqq = (w · q) (q · w)
w2
− q · q ,
Yq¯q =
(w · q¯) (q · w)
w2
− q¯ · q . (76)
For the readers convenience we provide the leading order projectors Y (±)n rel-
evant for the J = 1
2
and J = 3
2
channels explicitly:
Y
(±)
0 (q¯, q;w)=
1
2
(
/w√
w2
± 1
)
,
Y
(±)
1 (q¯, q;w)=
3
2
(
/w√
w2
± 1
)(
(q¯ · w) (w · q)
w2
− (q¯ · q)
)
− 1
2
(
/¯q − w · q¯
w2
/w
)(
/w√
w2
∓ 1
)(
/q − w · q
w2
/w
)
. (77)
The objects Y (±)n (q¯, q;w) are constructed to have the following convenient
property: Suppose that the interaction kernel K in (43) can be expressed
as linear combinations of the Y (±)n (q¯, q;w) with a set of coupling functions
V (±)(
√
s , n), which may depend on the variable s,
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K(k¯, k;w)=
∞∑
n=0
(
V (+)(
√
s;n) Y (+)n (q¯, q;w) + V
(−)(
√
s;n) Y (−)n (q¯, q;w)
)
,(78)
with w = p + q, k = (p − q)/2 and k¯ = (p¯ − q¯)/2. Then in a given isospin
channel the unique solution reads
T (k¯, k;w) =
∞∑
n=0
(
M (+)(
√
s;n) Y (+)n (q¯, q;w) +M
(−)(
√
s;n) Y (−)n (q¯, q;w)
)
,
M (±)(
√
s;n) =
V (±)(
√
s;n)
1− V (±)(√s;n) J (±)πN (
√
s;n)
, (79)
with a set of divergent loop functions J
(±)
πN (
√
s;n) defined by
J
(±)
πN (
√
s;n) Y (±)n (q¯, q;w) = −i
∫ d4l
(2π)4
Y (±)n (q¯, l;w)SN(w − l)
×Dπ(l) Y (±)n (l, q;w) . (80)
We underline that the definition of the loop functions in (80) is non triv-
ial, because it assumes that Y (±)n · G · Y (±)n is indeed proportional to Y (±)n .
An explicit derivation of this property, which is in fact closely linked to our
renormalization scheme, is given in Appendix C. We recall that the loop func-
tions J
(±)
πN (
√
s;n), which are badly divergent, have a finite and well-defined
imaginary part
ℑ J (±)πN (
√
s;n)=
p2n+1πN
8 π
√
s
(√
s
2
+
m2N −m2π
2
√
s
±mN
)
. (81)
We specify how to renormalize the loop functions. In dimensional regulariza-
tion the loop functions can be written as linear combinations of scalar one
loop functions IπN(
√
s ), Iπ, IN and I
(n),
I(n) = i
∫ d4l
(2π)4
(
l2
)n
, (82)
According to our renormalization procedure we drop I(n), the tadpole contri-
butions Iπ, IN and replace IπN(s) by IπN(
√
s )− IπN(µS). This leads to
J
(±)
πN (
√
s;n) = p2nπN(
√
s )
(√
s
2
+
m2N −m2π
2
√
s
±mN
)
∆IπN (
√
s ) ,
∆IπN (
√
s ) = IπN(
√
s )− IπN (µS) , (83)
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with the master loop function IπN(
√
s ) and pπN(
√
s ) given in (56). In the cen-
ter of mass frame pπN represents the relative momentum. We emphasize that
the loop functions J
(±)
πN (
√
s;n) are renormalized in accordance with (70) and
(69) where µS = mN
11 . This leads to tadpole-free loop functions and also to
M (±)(mN , n) = V (±)(mN , n). The behavior of the loop functions J
(±)
πN (
√
s, n)
close to threshold
ℑ J (+)πN (
√
s, n) ∼ p2n+1πN , ℑ J (−)πN (
√
s, n) ∼ p2n+3πN , (84)
already tells the angular momentum, l, of a given channel with l = n for the
′+′ and l = n + 1 for the ′−′ channel.
The Bethe-Salpeter equation (79) decouples into reduced scattering ampli-
tudes M (±)(
√
s, n) with well-defined angular momentum. In order to unam-
biguously identify the total angular momentum J we recall the partial-wave
decomposition of the on-shell scattering amplitude T [9]. The amplitude T is
decomposed into invariant amplitudes F
(I)
± (s, t) carrying good isospin I
T =
∑
I
(
1
2
(
/w√
w2
+ 1
)
F
(I)
+ (s, t) +
1
2
(
/w√
w2
− 1
)
F
(I)
− (s, t)
)
PI (85)
where s = (p + q)2 = w2 and t = (q¯ − q)2 and PI are the isospin projectors
introduced in (46). Note that the choice of invariant amplitudes is not unique.
Our choice is particularly convenient to make contact with the covariant pro-
jection operators (76). For different choices, see [9]. The amplitudes F±(s, t)
are decomposed into partial-wave amplitudes f
(l)
J=l± 1
2
(
√
s ) [9]
F+(s, t) =
8 π
√
s
E +mN
∞∑
n=1
(
f
(n−1)
J=n+ 1
2
(
√
s )− f (n+1)
J=n− 1
2
(
√
s )
)
P ′n(cos θ) ,
F−(s, t) =
8 π
√
s
E −mN
∞∑
n=1
(
f
(n)
J=n− 1
2
(
√
s )− f (n)
J=n+ 1
2
(
√
s )
)
P ′n(cos θ) ,
P ′n(cos θ) =
[(n−1)/2]∑
k=0
(−)k (2n− 2 k)!
2n k! (n− k)! (n− 2 k − 1)!
(
cos θ
)n−2k−1
, (86)
where [n/2] = (n − 1)/2 for n odd and [n/2] = n/2 for n even. P ′n(z) is
the derivative of the Legendre polynomials. In the center of mass frame E
represents the nucleon energy and θ the scattering angle:
11 Note that consistency with the renormalization condition (70) requires a further
subtraction in the loop function J
(−)
πN (
√
s, 0) if the potential V
(−)
πN (
√
s, 0) ∼ 1/(s −
m2N + i ǫ) exhibits the s-channel nucleon pole (see (71)).
40
E =
1
2
√
s+
m2N −m2π
2
√
s
, t = (q¯ − q)2 = −2 p2πN
(
1− cos θ
)
. (87)
The unitarity condition formulated for the partial-wave amplitudes f
(l)
J leads
to their representation in terms of the scattering phase shifts δ
(l)
J
pπN f
(l)
J=l± 1
2
(
√
s ) =
1
2 i
(
e
2 i δ
(l)
J=l±1
2
(s) − 1
)
=
1
cot δ
(l)
J=l± 1
2
(s)− i
. (88)
One can now match the reduced amplitudes M (±)n (s) of (79) and the partial-
wave amplitudes f
(l)
J=l± 1
2
(s)
f
(l)
J=l± 1
2
(
√
s )=
p2 J−1πN
8 π
√
s
(√
s
2
+
m2N −m2π
2
√
s
±mN
)
M (±)(
√
s, J − 1
2
) . (89)
It is instructive to consider the basic building block Y¯n(q¯, q;w) of the covari-
ant projectors Y (±)n (q¯, q;w) in (76) and observe the formal similarity with
P ′n(cos θ) in (86). In fact in the center of mass frame with wcm = (
√
s, 0) one
finds p2n−2πN P
′
n(cos θ) = Yn(q¯, q;wcm). This observation leads to a straightfor-
ward proof of (79) and (80). It is sufficient to prove the orthogonality of the
projectors Y (±)n (q¯, q;w) in the center of mass frame, because the projectors
are free from kinematical singularities. One readily finds that the imaginary
part of the unitary products Y (±)n GY
(±)
m vanish unless both projectors are the
same. It follows that the unitary product of projectors which are expected to
be orthogonal can at most be a real polynomial involving the tadpole functions
Iπ, IN and I
(n). Then our renormalization procedure as described in section
3.2 leads to (79) and (80). We emphasize that our argument relies crucially on
the fact that the projectors Y (±)n (q¯, q;w) are free from kinematical singularities
in q and q¯. This implies in particular that the object Yn(q¯, q;w) must not be
identified with p2n−2πN P
′
n(cos θ) as one may expect naively.
We return to the assumption made in (78) that the interaction kernel K can
be decomposed in terms of the projectors Y (±)n . Of course this is not possible
for a general interaction kernel K. We point out, however, that the on-shell
equivalent interaction kernel V in (48) can be decomposed into the Y (±)n if
the on-shell irreducible kernel K¯ and the on-shell reducible kernels KL,R and
KLR of (47) are identified properly. The on-shell irreducible kernel K¯ of (47)
is defined by decomposing the interaction kernel according to
K¯(I)(q¯, q;w) =
∞∑
n=0
(
K¯
(I)
+ (
√
s;n) Y (+)n (q¯, q;w) + K¯
(I)
− (
√
s;n) Y (−)n (q¯, q;w)
)
,
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K¯
(I)
± (
√
s;n) =
1∫
−1
dz
2
K
(I)
± (s, t)
p2nπN
Pn(z)
+
1∫
−1
dz
2
(
1
2
√
s+
m2N −m2π
2
√
s
∓mN
)2
K
(I)
∓ (s, t)
p2n+2πN
Pn+1(z) , (90)
where t = −2 p2πN (1− x) and K(I)± (s, t) follows from the decomposition of the
interaction kernel K:
K(I)(q¯, q;w)
∣∣∣
on−shell =
1
2
(
/w√
w2
+ 1
)
K
(I)
+ (s, t) +
1
2
(
/w√
w2
− 1
)
K
(I)
− (s, t) .(91)
Then K − K¯ is on-shell reducible by construction and therefore can be de-
composed into KL, KR, KLR. Note that it does not yet follow that the induced
effective interaction V can be decomposed into the Y (±)n . This may need an
iterative procedure in particular when the interaction kernel shows non-local
structures induced for example by a t-channel meson-exchange. The starting
point of the iteration is given with K0 = K and V0 = K¯ as defined via (90).
Then Kn+1 = V [Kn], where V [Kn] is defined in (49) with respect to K¯n as
given in (90). The effective interaction V is then identified with V = limn→∞ K¯n.
In our work we will not encounter this complication, because the effective
interaction kernel is treated to leading orders of chiral perturbation theory.
4 SU(3) coupled-channel dynamics
The Bethe-Salpeter equation (43) is readily generalized for a coupled-channel
system. The chiral SU(3) Lagrangian with baryon octet and pseudo-scalar
meson octet couples the K¯N system to five inelastic channels πΣ, πΛ, ηΛ,
ηΣ and KΞ and the πN system to the three channels KΣ, ηN and KΛ. The
strangeness plus one sector with the KN channel is treated separately in the
next section when discussing constraints from crossing symmetry. For sim-
plicity we assume in the following discussion good isospin symmetry. Isospin
symmetry breaking effects are considered in Appendix D. In order to establish
our convention consider for example the two-body meson-baryon interaction
terms in (18). They can be rewritten in the following form
L(k¯, k;w)= ∑
I=0, 1
2
,1, 3
2
R(I) †(q¯, p¯) γ0K
(I)(k¯, k;w)R(I)(q, p) ,
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R(0)=

1√
2
K†N
1√
3
~πc ~Σ
ηc Λ
1√
2
Kt i σ2 Ξ

, ~R(1) =

1√
2
K† ~σ N
1
i
√
2
~πc × ~Σ
~πc Λ
ηc ~Σ
1√
2
Kt i σ2 ~σ Ξ

,
R(
1
2
)=

1√
3
πc · σN
1√
3
Σ · σK
ηcN
K Λ

, R(
3
2
) =
 πc · S N
Σ · S K
 , (92)
where R(q, p) in (92) is defined by R(q, p) =
∫
d4x d4y e−i q x−i p y Φ(x)B(y),
and Φ(x) and B(y) denoting the meson and baryon fields respectively. In
(92) we decomposed the pion field ~π = ~πc + ~π
†
c and the eta field η = ηc +
η†c
12 . Also we apply the isospin decomposition of (8). The isospin 1/2 to
3/2 transition matrices Si in (92) are normalized by S
†
i Sj = δij−σi σj/3. The
Lagrangian density L(x) in coordinate space is related to its momentum space
representation through
∫
d4xL(x) =
∫ d4k
(2 π)4
d4k¯
(2 π)4
d4w
(2 π)4
L(k¯, k;w) . (93)
The merit of the notation (92) is threefold. Firstly, the phase convention for
the isospin states is specified. Secondly, it defines the convention for the in-
teraction kernel K in the Bethe-Salpeter equation. Last it provides also a
convenient scheme to read off the isospin decomposition for the interaction
kernel K directly from the interaction Lagrangian (see Appendix A). The
coupled channel Bethe-Salpeter matrix equation reads
T
(I)
ab (k¯, k;w)=K
(I)
ab (k¯, k;w) +
∑
c,d
∫
d4l
(2π)4
K(I)ac (k¯, l;w)G
(I)
cd (l;w) T
(I)
db (l, k;w) ,
12 For a neutral scalar field φ(x) = φc(x) + φ
†
c(x) with mass m we write
φc(0, ~x) =
∫
d3k
(2π)3
ei
~k·~x
2ωk
a(~k) , φ†c(0, ~x) =
∫
d3k
(2π)3
e−i~k·~x
2ωk
a†(~k) ,
where ωk = (m
2+~k2 )
1
2 and [a(k), a†(k′)]− = (2π)3 2ωk δ3(k−k′). In (92) we suppress
terms which do not contribute to the two-body scattering process at tree-level. For
example terms like N¯ ηcN ηc or N¯ η
†
c N η
†
c are dropped.
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G
(I)
cd (l;w)=−iDΦ(I,d)(12 w − l)SB(I,d)(12 w + l) δcd , (94)
where DΦ(I,d)(q) and SB(I,d)(p) denote the meson propagator and baryon prop-
agator respectively for a given channel d with isospin I. The matrix structure
of the coupled-channel interaction kernel Kab(k¯, k;w) is defined via (92) and
Φ(0, a) = (K¯, π, η,K)a , B(0, a) = (N,Σ,Λ,Ξ)a ,
Φ(1, a) = (K¯, π, π, η,K)a , B(1, a) = (N,Σ,Λ,Σ,Ξ)a ,
Φ(1
2
, a) = (π,K, η,K)a , B(
1
2
, a) = (N,Σ, N,Λ)a ,
Φ(3
2
, a) = (π,K)a , B(
3
2
, a) = (N,Σ)a . (95)
We proceed and identify the on-shell equivalent coupled channel interaction
kernel V of (49). At leading chiral orders it is legitimate to identify V
(I)
ab with
K¯
(I)
ab of (47), because the loop corrections in (49) are of minimal chiral power
Q3 (see (5)). To chiral order Q3 the interaction kernel receives additional terms
from one loop diagrams involving the on-shell reducible interaction kernels
KL,R as well as from irreducible one-loop diagrams. In the notation of (47)
one finds
V = K¯ +KR ·G · K¯ + K¯ ·G ·KL +KR ·G ·KL +O
(
Q4
)
. (96)
Typically the Q3 terms induced by KL,R in (96) are tadpoles (see e.g. (54,73)).
The only non-trivial contribution arise from the on-shell reducible parts of the
u-channel baryon octet terms. However, by construction, those contributions
have the same form as the irreducible Q3 loop-correction terms of K¯. In par-
ticular they do not show the typical enhancement factor of 2π associated with
the s-channel unitarity cuts. In the large Nc limit all loop correction terms to
V are necessarily suppressed by 1/Nc. This follows, because any hadronic loop
function if visualized in terms of quark-gluon diagrams involves at least one
quark-loop, which in turn is 1/Nc suppressed [23,24]. Thus it is legitimate to
take V = K¯ in this work.
We do include those correction terms of suppressed order in the 1/Nc expansion
which are implied by the physical baryon octet and decuplet exchange contri-
butions. Individually the baryon exchange diagrams are of forbidden order Nc.
Only the complete large Nc baryon ground state multiplet with J = (
1
2
, ..., Nc
2
)
leads to an exact cancellation and a scattering amplitude of order N0c [72].
However this cancellation persists only in the limit of degenerate baryon octet
m
o
[8] and decuplet mass m
o
[10]. With mπ < m
o
[10] − m
o
[8] the cancellation is in-
complete and thus leads to an enhanced sensitivity of the scattering amplitude
to the physical baryon-exchange contributions. Therefore one should sum the
1/Nc suppressed contributions of the form (m
o
[10]−m
o
[8])
n/mnπ ∼ N−nc . We take
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this into account by evaluating the baryon-exchange contributions to sub-
leading chiral orders but avoid the expansion in either of (m
o
[10] −m
o
[8])/mπ or
mπ/(m
o
[10]−m
o
[8]). We also include the SU(3) symmetry-breaking counter terms
of the 3-point meson-baryon vertices and the quasi-local two-body counter
terms of chiral order Q3 which are leading in the 1/Nc expansion. Note that
the quasi-local two-body counter terms of large chiral order are not neces-
sarily suppressed by 1/Nc relatively to the terms of low chiral order. This is
plausible, because for example a t-channel vector-meson exchange, which has
a definite large Nc scaling behavior, leads to contributions in all partial waves.
Thus quasi-local counter terms with different partial-wave characteristics may
have identical large Nc scaling behavior even though they carry different chi-
ral powers. Finally we argue that it is justified to perform the partial 1/Nc
resummation of all reducible diagrams implied by solving the Bethe-Salpeter
equation (48). In section 3 we observed that reducible diagrams are typically
enhanced close to their unitarity threshold. The typical enhancement factor
of 2π per unitarity cut, measured relatively to irreducible diagrams (see (74)),
is larger than the number of colors Nc = 3 of our world.
By analogy with (79) the coupled-channel scattering amplitudes T
(I)
ab are de-
composed into their on-shell equivalent partial-wave amplitudes M
(I,±)
ab
T¯
(I)
ab (k¯, k;w)=
∞∑
n=0
M
(I,+)
ab (
√
s;n) Y (+)n (q¯, q;w)
+
∞∑
n=0
M
(I,−)
ab (
√
s;n) Y (−)n (q¯, q;w) , (97)
where k = 1
2
w − q and k¯ = 1
2
w − q¯ and s = wµwµ. The covariant projectors
Y (±)n (q¯, q;w) were defined in (76). Expressions for the differential cross sections
given in terms of the partial-wave amplitudes M
(±)
ab can be found in Appendix
F. The form of the scattering amplitude (97) follows, because the effective
interaction kernel V
(I)
ab of (49) is decomposed accordingly
V
(I)
ab (k¯, k;w)=
∞∑
n=0
V
(I,+)
ab (
√
s;n) Y (+)n (q¯, q;w)
+
∞∑
n=0
V
(I,−)
ab (
√
s;n) Y (−)n (q¯, q;w) . (98)
The coupled-channel Bethe-Salpeter equation (94) reduces to a convenient
matrix equation for the effective interaction kernel V
(I)
ab and the invariant
amplitudes M
(I,±)
ab
M
(I,±)
ab (
√
s;n) =V
(I,±)
ab (
√
s;n)
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+
∑
c,d
V (I,±)ac (
√
s;n) J
(I,±)
cd (
√
s;n)M
(I,±)
db (
√
s;n) , (99)
which is readily solved with:
M
(I,±)
ab (
√
s;n) =
[ (
1− V (I,±)(√s;n) J (I,±)(√s;n)
)−1
V (I,±)(
√
s;n)
]
ab
.(100)
It remains to specify the coupled-channel loop matrix function J
(I,±)
ab ∼ δab,
which is diagonal in the coupled-channel space. We write
J (I,±)aa (
√
s;n) =
(√
s
2
+
m2B(I,a) −m2Φ(I,a)
2
√
s
±mB(I,a)
)
∆I
(k)
Φ(I,a)B(I,a)(
√
s )
×
s
4
− m
2
B(I,a) +m
2
Φ(I,a)
2
+
(m2B(I,a) −m2Φ(I,a))2
4 s
n ,
∆I
(k)
Φ(I,a)B(I,a)(
√
s ) = IΦ(I,a)B(I,a)(
√
s )
−
k∑
l=0
1
l
(
∂
∂
√
s
)l ∣∣∣∣∣√
s=µS
IΦ(I,a)B(I,a)(
√
s ) . (101)
The index a labels a specific channel consisting of a meson-baryon pair of given
isospin (Φ(I, a),B(I, a)). In particularmΦ(I,a) andmB(I,a) denote the empirical
isospin averaged meson and baryon octet mass respectively. The scalar master-
loop integral, IΦ(I,a)B(I,a)(
√
s ), was introduced explicitly in (56) for the pion-
nucleon channel. Note that we do not use the expanded form of (57). The
subtraction point µ
(I)
S is identified with µ
(0)
S =mΛ and µ
(1)
S =mΣ in the isospin
zero and isospin one channel respectively so as to protect the hyperon s-channel
pole structures. Similarly we use µ
( 1
2
)
S = µ
( 3
2
)
S = mN in the pion-nucleon sector.
We emphasize that in the p-wave loop functions J (−)(
√
s, 0) and J (+)(
√
s, 1) we
perform a double subtraction of the internal master-loop function with k = 1
in (101) whenever a large Nc baryon ground state manifests itself with a s-
channel pole contribution in the associated partial-wave scattering amplitude.
In all remaining channels we use k = 0 in (101). This leads to consistency
with the renormalization condition (70), in particular in the large Nc limit
with m[8] = m[10].
We proceed by identifying the on-shell irreducible interaction kernel K¯
(I)
ab in
(96). The result (90) is generalized to the case of inelastic scattering. This
leads to the matrix structure of the interaction kernel Kab defined in (92). In
a given partial wave the effective interaction kernel K¯
(I,±)
ab (
√
s;n) reads
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K¯
(I)
ab =
∞∑
n=0
(
K¯
(I,+)
ab (
√
s;n) Y (+)n (q¯, q;w) + K¯
(I,−)
ab (
√
s;n) Y (−)n (q¯, q;w)
)
,
K¯
(I,±)
ab (
√
s;n) =
1∫
−1
dz
2
K
(I,±)
ab (s, t
(I)
ab )
(p
(I)
a p
(I)
b )
n
Pn(z)
+
1∫
−1
dz
2
(
E(I)a ∓mB(I,a)
) (
E
(I)
b ∓mB(I,b)
)K(I,∓)ab (s, t(I)ab )
(p
(I)
a p
(I)
b )
n+1
Pn+1(z) ,102)
where Pn(z) are the Legendre polynomials and
t
(I)
ab = m
2
Φ(I,a) +m
2
Φ(I,b) − 2ω(I)a ω(I)b + 2 p(I)a p(I)b z , E(I)a =
√
s− ω(I)a ,
ω(I)a =
s+m2Φ(I,a) −m2B(I,a)
2
√
s
,
(
p(I)a
)2
=
(
ω(I)a
)2 −m2Φ(I,a) . (103)
The construction of the on-shell irreducible interaction kernel requires the
identification of the invariant amplitudes K
(I,±)
ab (s, t) in a given channel ab:
K
(I)
ab
∣∣∣
on−sh. =
1
2
(
/w√
w2
+ 1
)
K
(I,+)
ab (s, t) +
1
2
(
/w√
w2
− 1
)
K
(I,−)
ab (s, t) .(104)
Isospin breaking effects are easily incorporated by constructing super matri-
ces V (I
′I), J (I
′I) and T (I
′I) which couple different isospin states. We consider
isospin breaking effects induced by isospin off-diagonal loop function J (I
′I) but
impose V (I
′I) ∼ δI′I . For technical details we refer to Appendix D.
We underline that our approach deviates here from the common chiral expan-
sion scheme as implied by the heavy-fermion representation of the chiral La-
grangian. A strict chiral expansion of the unitarity loop function IΦ(I,a)B(I,a)(
√
s )
does not reproduce the correct s-channel unitarity cut. One must perform an
infinite summation of interaction terms in the heavy-fermion chiral Lagrangian
to recover the correct threshold behavior. This is achieved more conveniently
by working directly with the manifest relativistic scheme, where it is natural
to write down the loop functions in terms of the physical masses. In this work
we express results systematically in terms of physical parameters avoiding the
use of bare parameters like m
o
[8] whenever possible.
4.1 Construction of effective interaction kernel
We collect all terms of the chiral Lagrangian contributing to order Q3 to the
interaction kernel K
(I)
ab (k¯, k;w) of (94):
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K(I)(k¯, k;w)=K
(I)
WT (k¯, k;w) +K
(I)
s−[8](k¯, k;w) +K
(I)
u−[8](k¯, k;w)
+K
(I)
s−[10](k¯, k;w) +K
(I)
u−[10](k¯, k;w) +K
(I)
s−[9](k¯, k;w)
+K
(I)
u−[9](k¯, k;w) +K
(I)
[8][8](k¯, k;w) +K
(I)
χ (k¯, k;w) . (105)
The various contributions to the interaction kernel will be written in a form
which facilitates the derivation of K
(I,±)
ab (s, t) in (102). It is then straightfor-
ward to derive the on-shell irreducible interaction kernel V .
We begin with a discussion of the Weinberg-Tomozawa interaction term K
(I)
WT
in (7). To chiral order Q3 it is necessary to consider the effects of the baryon
wave-function renormalization factors Z and of the further counter terms in-
troduced in (32). We have
[
K
(I)
W T (k¯, k;w)
]
ab
=
[
C
(I)
WT
]
ab
(
1 + 1
2
∆ζB(I,a) +
1
2
∆ζB(I,b)
) /¯q + /q
4 f 2
. (106)
The dimensionless coefficient matrix C
(I)
WT of the Weinberg-Tomozawa interac-
tion is given in Tab. 2 for the strangeness zero channels and in the Appendix E
for the strangeness minus one channels. The constants ∆ζB(c) in (106) receive
contributions from the baryon octet wave-function renormalization factors Z
and the parameters ζ0, ζD and ζF of (32):
∆ζ = ζ + Z − 1 + · · · ,
ζN = (ζ0 + 2 ζF )m
2
π + (2 ζ0 + 2 ζD − 2 ζF )m2K ,
ζΛ = (ζ0 − 23 ζD)m2π + (2 ζ0 + 83 ζD)m2K ,
ζΣ = (ζ0 + 2 ζD)m
2
π + 2 ζ0m
2
K ,
ζΞ = (ζ0 − 2 ζF )m2π + (2 ζ0 + 2 ζD + 2 ζF )m2K . (107)
The dots in (107) represent corrections terms of order Q3 and further con-
tributions from irreducible one-loop diagrams not considered here. We point
out that the coupling constants ζ0, ζD and ζF , which appear to renormalize
the strength of the Weinberg-Tomozawa interaction term, also contribute to
the baryon wave-function factor Z as is evident from (27). In fact, it will be
demonstrated that the explicit and implicit dependence via the wave-function
renormalization factors Z cancel identically at leading order. Generalizing (68)
we derive the wave-function renormalization constants for the SU(3) baryon
octet fields
Z−1B(c) − 1 = ζB(c) −
1
4 f 2
∑
a
ξB(I,a)m
2
Φ(I,a)
(
G
(B(c))
Φ(I,a)B(I,a)
)2
, (108)
ξB(I,a) = 2mB(c)
∂ IΦ(I,a)B(I,a)(
√
s )
∂
√
s
∣∣∣∣∣√
s=mB(c)
− IΦ(I,a)
m2Φ(I,a)
+O
(
Q4
)
,
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where the sum in (108) includes all SU(3) channels as listed in (92). The result
(108) is expressed in terms of the dimension less coupling constants G
(B)
ΦB . For
completeness we collect here all required 3-point coupling coefficients:
G
(N)
πN =
√
3
(
F +D
)
, G
(N)
K Σ = −
√
3
(
F −D
)
, G
(N)
η N =
1√
3
(
3F −D
)
,
G
(N)
K Λ = − 1√3
(
3F +D
)
, G
(Λ)
K¯N =
√
2G
(N)
K Λ , G
(Λ)
πΣ = 2D ,
G
(Λ)
ηΛ = − 2√3 D , G
(Λ)
KΞ = −
√
2
3
(
3F −D
)
, G
(Σ)
K¯N
=
√
2
3
G
(N)
KΣ ,
G
(Σ)
πΣ = −
√
8F , G
(Σ)
πΛ =
1√
3
G
(Λ)
πΣ , G
(Σ)
ηΣ =
2√
3
D ,
G
(Σ)
KΞ =
√
2
(
F +D
)
, G
(Ξ)
K¯Λ
= − 1√
2
G
(Λ)
KΞ , G
(Ξ)
K¯Σ
= −
√
3
2
G
(Σ)
KΞ ,
G
(Ξ)
η Ξ = − 1√3
(
3F +D
)
, G
(Ξ)
πΞ =
√
3
(
F −D
)
, (109)
at leading chiral order Q0. The loop function IΦ(I,a)B(I,a)(
√
s ) and the mesonic
tadpole term IΦ(I,a) are the obvious generalizations of IπN (
√
s ) and Iπ intro-
duced in (56). We emphasize that the contribution ζB(c) in (108) is identical
to the corresponding contribution in ∆ζB(c). Therefore, if all one-loop effects
are dropped, one finds the result
Z−1 = 1 + ζ , ∆ζ = 0 +O
(
Q3,
1
Nc
Q2
)
. (110)
Given our renormalization condition (70) that requires the baryon s-channel
pole contribution to be represented by the renormalized effective potential
VR, we conclude that (110) holds in our approximation. Note that the loop
correction to Z as given in (108) must be considered as part of the renormal-
ized effective potential VR and consequently should be dropped as they are
suppressed by the factor Q3/Nc. It is evident that the one-loop contribution
to the baryon Z-factor is naturally moved into VR by that double subtraction
with k = 1 in (101), as explained previously.
It is instructive to afford a short detour and explore to what extent the pa-
rameters ζ0, ζD and ζF can be dialed to give Z = 1. In the SU(3) limit with
degenerate meson and also degenerate baryon masses one finds a degenerate
wave-function renormalization factor Z
Z−1 − 1 = 3 ζ0 + 2 ζD − m
2
π
(4π f)2
(
5
3
D2 + 3F 2
)(
− 4− 3 ln
(
m2π
m2N
)
+3 π
mπ
mN
+O
(
m2π
m2N
))
, (111)
where we used the minimal chiral subtraction prescription (64). The result
(111) agrees identically with the SU(2)-result (68) if one formally replaces g2A
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( 1
2
)
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( 1
2
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C
( 1
2
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Λ[8]
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( 1
2
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Σ[8]
C
( 1
2
)
∆[10]
C
( 1
2
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Σ[10]
C˜
( 1
2
)
N[8]
C˜
( 1
2
)
Λ[8]
C˜
( 1
2
)
Σ[8]
C˜
( 1
2
)
Ξ[8]
C˜
( 1
2
)
∆[10]
C˜
( 1
2
)
Σ[10]
C˜
( 1
2
)
Ξ[10]
11 2 1 0 0 0 0 -13 0 0 0
4
3 0 0
12 12 1 0 0 0 0 0
1√
6
-1 0 0 -1 0
13 0 1 0 0 0 0 1 0 0 0 0 0 0
14 -32 1 0 0 0 0 0 0
√
3
2 0 0
√
3
2 0
22 2 1 0 0 0 0 0 0 0 -13 0 0 -
1
3
23 -32 1 0 0 0 0 0 0
√
3
2 0 0
√
3
2 0
24 0 1 0 0 0 0 0 0 0 -1 0 0 -1
33 0 1 0 0 0 0 1 0 0 0 0 0 0
34 -32 1 0 0 0 0 0
1√
2
0 0 0 0 0
44 0 1 0 0 0 0 0 0 0 1 0 0 1
C
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( 3
2
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N[8]
C
( 3
2
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Λ[8]
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( 3
2
)
Σ[8]
C
( 3
2
)
∆[10]
C
( 3
2
)
Σ[10]
C˜
( 3
2
)
N[8]
C˜
( 3
2
)
Λ[8]
C˜
( 3
2
)
Σ[8]
C˜
( 3
2
)
Ξ[8]
C˜
( 3
2
)
∆[10]
C˜
( 3
2
)
Σ[10]
C˜
( 3
2
)
Ξ[10]
11 -1 0 0 0 1 0 23 0 0 0
1
3 0 0
12 -1 0 0 0 1 0 0 1√
6
1
2 0 0
1
2 0
22 -1 0 0 0 1 0 0 0 0 23 0 0
2
3
Table 2
Weinberg-Tomozawa interaction strengths and baryon exchange coefficients in the
strangeness zero channels as defined in (121).
by 4F 2 + 20
9
D2 in (68). It is clear from (111) that in the SU(3) limit the
counter term 3 ζ0 + 2 ζD may be dialed such so as to impose Z = 1. This
is no longer possible once the explicit SU(3) symmetry-breaking effects are
included. Note however that consistency of the perturbative renormalization
procedure suggests that for hypothetical SU(3)-degenerate ξ-factors in (108)
it should be possible to dial ζ0, ζD and ζF so as to find ZB = 1 for all baryon
octet fields. This is expected, because for example in theMS-scheme one finds
a SU(3)-symmetric renormalization scale 13 dependence of ξB(c) in (108) with
ξB(c) ∼ lnµ2. Indeed in this case the choice
ζ0 =
ξ
4 f 2
(
26
9
D2 + 2F 2
)
, ζD =
ξ
4 f 2
(
−D2 + 3F 2
)
,
ζF =
ξ
4 f 2
10
3
DF , (112)
13 Note that in the minimal chiral subtraction scheme the counter terms ζ0,D,F are
already renormalization scale independent. The consistency of this procedure follows
from the symmetry conserving property of dimensional regularization.
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would lead to Z = 1 for all baryon octet wave functions. We will return to the
SU(3) symmetry-breaking effects in the baryon wave-function renormaliza-
tion factors when discussing the meson-baryon 3-point vertices at subleading
orders.
We proceed with the s-channel and u-channel exchange diagrams of the baryon
octet. They contribute as follows
[
K
(I)
s−[8](k¯, k;w)
]
ab
=−
3∑
c=1
(
/¯q − R(I,c)L,ab
) [C(I,c)[8] ]ab
4 f 2 (/w +m
(c)
[8] )
(
/q − R(I,c)R,ab
)
,
[
K
(I)
u−[8](k¯, k;w)
]
ab
=
4∑
c=1
[
C˜
(I,c)
[8]
]
ab
4 f 2
(
/w +m
(c)
[8] + R˜
(I,c)
L,ab + R˜
(I,c)
R,ab
−
(
/¯p+m
(c)
[8] + R˜
(I,c)
L,ab
) 1
/˜w +m
(c)
[8]
(
/p+m
(c)
[8] + R˜
(I,c)
R,ab
))
,(113)
where w˜µ = pµ − q¯µ. The index c in (113) labels the baryon octet exchange
with c → (N,Λ,Σ,Ξ). In particular m(c)[8] denotes the physical baryon octet
masses and R(I,c) and R˜(I,c) characterize the ratios of pseudo-vector to pseudo-
scalar terms in the meson-baryon vertices. The dimensionless matrices C[8] and
C˜[8] give the renormalized strengths of the s-channel and u-channel baryon
exchanges respectively. They are expressed most conveniently in terms of s-
channel CB(c) and u-channel C˜B(c) coefficient matrices
[
C
(I,c)
[8]
]
ab
=
[
C
(I)
B(c)
]
ab
A¯
(B(c))
Φ(I,a)B(I,a) A¯
(B(c))
Φ(I,b)B(I,b) ,[
C˜
(I,c)
[8]
]
ab
=
[
C˜
(I)
B(c)
]
ab
A¯
(B(c))
Φ(I,b)B(I,a) A¯
(B(c))
Φ(I,a)B(I,b) , (114)
and the renormalized three-point coupling constants A¯. According to the LSZ-
scheme the bare coupling constants, A, are related to the renormalized cou-
pling constants, A¯, by means of the baryon octet Z-factors
A¯
(B(c))
Φ(I,a)B(I,b) = Z
1
2
B(c)A
(B(c))
Φ(I,a)B(I,b) Z
1
2
B(I,b) . (115)
To leading order Q0 the bare coupling constants A = G(F,D) + O (Q2) are
specified in (109). The chiral correction terms to the coupling constants A
and R will be discussed in great detail subsequently. In our convention the
s-channel coefficients CB(c) are either one or zero and the u-channel coeffi-
cients C˜B(c) represent appropriate Fierz factors resulting from the interchange
of initial and final meson states. To illustrate our notation explicitly the co-
efficients are listed in Tab. 2 for the strangeness zero channels but relegated
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to Appendix E for the strangeness minus one channel. We stress that the ex-
pressions for the s- and u-channel exchange contribution (113) depend on the
result (110), because there would otherwise be a factor Z−1/(1 + ζ) in front
of both contributions. That would necessarily lead to an asymmetry in the
treatment of s- versus u-channel exchange contribution, because the s-channel
contribution would be further renormalized by the unitarization. In contrast,
we observe in our scheme the proper balance of s- and u-channel exchange
contributions in the scattering amplitude, as is required for the realization of
the large Nc cancellation mechanism [72].
We turn to the SU(3) symmetry-breaking effects in the meson-baryon cou-
pling constants. The 3-point vertices have pseudo-vector and pseudo-scalar
components determined by Fi + δFi and F¯i of (33,34) respectively. We first
collect the symmetry-breaking terms in the axial-vector coupling constants
A introduced in (115). They are of chiral order Q2 but lead to particular
Q3-correction terms in the scattering amplitudes. One finds
A = G(FA, DA)− 2√
3
(m2K −m2π)∆A , F˜i = Fi + δFi ,
∆A
(N)
πN = 3 (F1 + F3)− F0 − F2 + 2 (F˜4 + F˜5) ,
∆A
(N)
KΣ =
3
2
(F1 − F3) + 12 (F0 − F2)− F˜4 + F˜5 ,
∆A
(N)
η N = −F1 + 3F3 + 13 F0 − F2 + 23 F˜4 − 2 F˜5 + 2 (F˜6 + 43 F˜4) ,
∆A
(N)
KΛ = −12 F1 − 32 F3 + 12 F0 + 32 F2 + 13 F˜4 + F˜5 + (F7 + 43 F0) ,
∆A
(Λ)
K¯N =
√
2∆A
(N)
K Λ ,
∆A
(Λ)
πΣ =
4√
3
F˜4 +
√
3 (F7 +
4
3
F0) ,
∆A
(Λ)
ηΛ =
4
3
(F0 + F˜4) + 2 (F˜6 +
4
3
F˜4) + 2 (F7 +
4
3
F0) ,
∆A
(Λ)
KΞ = − 1√2 (F0 + F1) + 3√2 (F2 + F3)−
√
2
3
(F˜4 − 3 F˜5)−
√
2 (F7 +
4
3
F0) ,
∆A
(Σ)
K¯N
=
√
2
3
∆A
(N)
KΣ , ∆A
(Σ)
πΣ = −4
√
2
3
(F2 + F˜5) , ∆A
(Σ)
πΛ =
1√
3
∆A
(Λ)
πΣ ,
∆A
(Σ)
ηΣ =
4
3
(F0 − F˜4) + 2 (F˜6 + 43 F˜4) ,
∆A
(Σ)
KΞ = −
√
3
2
(F1 + F3) +
√
1
6
(F0 + F2)−
√
2
3
(F˜4 + F˜5) ,
∆A
(Ξ)
K¯Λ = − 1√2 ∆A
(Λ)
KΞ , ∆A
(Ξ)
K¯Σ = −
√
3
2
∆A
(Σ)
KΞ ,
∆A
(Ξ)
η Ξ = F1 + 3F3 +
1
3
F0 + F2 +
2
3
F˜4 + 2 F˜5 + 2 (F˜6 +
4
3
F˜4) ,
∆A
(Ξ)
πΞ = F0 + 3F1 − F2 − 3F3 + 2 (F˜5 − F˜4) , (116)
where the renormalized coupling constants DA and FA are given in (37) and
G(F,D) in (109). We emphasize that to order Q2 the effect of the Z-factors
in (115) can be accounted for by the following redefinition of the FR, DR and
Fi parameters in (116)
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FR → FR +
(
2m2K +m
2
π
) (
ζ0 +
2
3
ζD
)
FR ,
DR → DR +
(
2m2K +m
2
π
) (
ζ0 +
2
3
ζD
)
DR ,
F0 → F0 + ζDDR , F1 → F1 + ζF FR , F2 → F2 + ζD FR ,
F3 → F3 + ζF FR , F7 → F7 − 43 ζD DR . (117)
As a consequence the parameters ζ0, ζD and ζF are redundant in our approx-
imation and can therefore be dropped. It is legitimate to identify the bare
coupling constants A with the renormalized coupling constants A¯. Note that
the same renormalization holds for matrix elements of the axial-vector current.
We recall the large Nc result (39). The many parameters Fi and δFi in (116)
are expressed in terms of the seven parameters ci and δci = c˜i − ci − c¯i. For
the readers convenience we provide the axial-vector coupling constants, which
are most relevant for the pion-nucleon and kaon-nucleon scattering processes,
in terms of those large Nc parameters
A
(N)
πN =
√
3
(
FA +DA
)
+ 5
3
(c1 + δc1) + c2 + δc2 − a + 5 c3 + c4 ,
A
(Λ)
K¯N
= −
√
2
3
(
3FA +DA
)
+ 1√
2
(
c1 + δc1 + c2 + δc2 − a− 3 c3 + c4
)
,
A
(Σ)
K¯N = −
√
2
(
FA −DA
)
− 1√
6
(
1
3
(c1 + δc1)− c2 − δc2 + a− c3 + 3 c4
)
,
A
(Λ)
πΣ = 2DA +
2√
3
(c1 + δc1) , (118)
where
FA=FR − β√
3
(
2
3
δc1 + δc2 − a
)
, DA = DR − β√
3
δc1 ,
β=
m2K +m
2
π/2
m2K −m2π
. (119)
The result (118) shows that the axial-vector coupling constants A
(N)
πN , A
(Λ)
K¯N ,
A
(Σ)
K¯N
and A
(Λ)
πΣ , can be fine tuned with ci in (39) to be off their SU(3) limit
values. Moreover, the SU(3) symmetric contribution proportional to FA or DA
deviate from their corresponding FR and DR values relevant for matrix ele-
ments of the axial-vector current, once non-zero values for δc1,2 are established.
We recall, however, that the values of FR, DR and ci are strongly constrained
by the weak decay widths of the baryon-octet states (see Tab. 1). Thus the
SU(3) symmetry-breaking pattern in the axial-vector current and the one in
the meson-baryon axial-vector coupling constants are closely linked.
It is left to specify the pseudo-scalar part, P , of the meson-baryon vertices
introduced in (34). In (113) their effect was encoded into the R and R˜ param-
eters with R, R˜ ∼ F¯ ∼ c¯, a. Applying the large Nc result of (40) we obtain
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R
(I,c)
L,ab A
(B(c))
Φ(I,a)B(I,a) =
(
mB(I,a) +mB(c)
)
P
(B(c))
Φ(I,a)B(I,a) ,
R
(I,c)
R,ab A
(B(c))
Φ(I,b)B(I,b) =
(
mB(I,b) +mB(c)
)
P
(B(c))
Φ(I,b)B(I,b) ,
R˜
(I,c)
L,ab A
(B(c))
Φ(I,b)B(I,a) =
(
mB(I,a) +mB(c)
)
P
(B(c))
Φ(I,b)B(I,a) ,
R˜
(I,c)
R,ab A
(B(c))
Φ(I,a)B(I,b) =
(
mB(I,b) +mB(c)
)
P
(B(c))
Φ(I,a)B(I,b) ,
P
(N)
πN = −
(
5
3
c¯1 + c¯2 + a
) (
β − 1
)
, P
(N)
KΣ = −
(
1
3
c¯1 − c¯2 − a
) (
β + 1
2
)
,
P
(N)
η N =
7
3
c¯1 + c¯2 + a− β
(
1
3
c¯1 + c¯2 + a
)
,
P
(N)
KΛ =
(
c¯1 + c¯2 + a
) (
β + 1
2
)
, P
(Λ)
K¯N
=
√
2P
(N)
K Λ ,
P
(Λ)
πΣ = − 2√3 c¯1
(
β − 1
)
, P
(Λ)
ηΛ =
2
3
c¯1
(
5 + β
)
+ 2 c¯2 + 2 a ,
P
(Λ)
KΞ =
1√
2
(
1
3
c¯1 + c¯2 + a
) (
2 β + 1
)
, P
(Σ)
K¯N =
√
2
3
P
(N)
KΣ ,
P
(Σ)
πΣ =
√
2
3
(
4
3
c¯1 + 2 c¯2 + 2 a
) (
β − 1
)
, P
(Σ)
πΛ =
1√
3
P
(Λ)
πΣ ,
P
(Σ)
ηΣ = 2 c¯1
(
1− 1
3
β
)
+ 2 c¯2 + 2 a ,
P
(Σ)
KΞ = − 1√6
(
5
3
c¯1 + c¯2 + a
) (
2 β + 1
)
, P
(Ξ)
K¯Λ
= − 1√
2
P
(Λ)
KΞ ,
P
(Ξ)
K¯Σ
= −
√
3
2
P
(Σ)
KΞ , P
(Ξ)
ηΞ =
11
3
c¯1 + 3 c¯2 + 3 a+ β
(
c¯1 + c¯2 + a
)
,
P
(Ξ)
πΞ =
(
1
3
c¯1 − c¯2 − a
) (
β − 1
)
, (120)
where β ≃ 1.12 was introduced in (119). The pseudo-scalar meson-baryon ver-
tices show SU(3) symmetric contribution linear in β c¯i and symmetry-breaking
terms proportional to c¯i. We emphasize that, even though the physical meson-
baryon coupling constants, G = A + P , are the sum of their axial-vector
and pseudo-scalar components, it is important to carefully discriminate both
types of vertices, because they give rise to quite different behavior for the
partial-wave amplitudes off the baryon-octet pole. We expect such effects to
be particularly important in the strangeness sectors since there (120) leads to
P
(Λ,Σ)
KN ∼ m2K to be compared to P (N)πN ∼ m2π.
We turn to the decuplet exchange terms K
(I)
s−[10] and K
(I)
u−[10] in (105). Again
we write their respective interaction kernels in a form which facilitates the
identification of their on-shell irreducible parts
K
(I)
s−[10](k¯, k;w)=
2∑
c=1
C
(I,c)
[10]
4 f 2
(
q¯ · q
/w −m(c)[10]
− (q¯ · w) (w · q)
(m
(c)
[10])
2 (/w −m(c)[10])
+
1
3
/¯q + q¯ · w
m
(c)
[10]
 1
/w +m
(c)
[10]
/q + w · q
m
(c)
[10]
− Z[10]
3m
(c)
[10]
/¯q /q
54
− Z
2
[10]
6 (m
(c)
[10])
2
/¯q
(
/w − 2m(c)[10]
)
/q + Z[10] /¯q
w · q
3 (m
(c)
[10])
2
+Z[10]
q¯ · w
3 (m
(c)
[10])
2
/q
)
,
K
(I)
u−[10](k¯, k;w)=
3∑
c=1
C˜
(I,c)
[10]
4 f 2
(
q¯ · q
/˜w −m(c)[10]
− (q¯ · w˜) (w˜ · q)
(m
(c)
[10])
2 (/˜w −m(c)[10])
+
1
3
/¯p+m(c)[10] + q · w˜
m
(c)
[10]
 1
/˜w +m
(c)
[10]
/p+m(c)[10] + w˜ · q¯
m
(c)
[10]

− w˜ · (q + q¯)
3m
(c)
[10]
− 1
3
(
/w +m
(c)
[10]
)
+
Z[10]
3 (m
(c)
[10])
2
(
/¯q (w˜ · q) + (q¯ · w˜) /q +m(c)[10] (/¯q /q − 2 (q¯ · q))
)
− Z
2
[10]
6 (m
(c)
[10])
2
(
/¯p /˜w /p− w˜2 /w + 2m(c)[10] (/¯q /q − 2 q · q)
))
. (121)
The index c in (121) labels the decuplet exchange with c→ (∆[10],Σ[10],Ξ[10]).
The dimensionless matrices C
(I,c)
[10] and C˜
(I,c)
[10] characterize the strength of the
s-channel and u-channel resonance exchanges respectively. Here we apply the
notation introduced in (114) also for the resonance-exchange contributions. In
particular the decuplet coefficients C
(I,c)
[10] and C˜
(I,c)
[10] are determined by
A = G(CA)− 2√
3
(m2K −m2π)∆A , C˜0 = C0 + δC0 ,
∆A
(∆[10])
πN =
√
2 (− 1√
3
C2 +
√
3C3 +
2√
3
C˜0) ,
∆A
(∆[10])
K Σ = −
√
2 ( 2√
3
C2 − 1√3 C˜0 +
√
3C1) ,
∆A
(Σ[10])
K¯N
=
√
2
3
(− 1√
3
C2 +
√
3C3 − 1√3 C˜0 −
√
3C1)−
√
2C4 ,
∆A
(Σ[10])
πΣ = −
√
2
3
( 2√
3
C2 +
2√
3
C˜0)− 2
√
2C4 ,
∆A
(Σ[10])
πΛ =
2√
3
(C2 − C˜0) , ∆A(Σ[10])ηΣ = 2√3 C2 − 2√3 C˜0 ,
∆A
(Σ[10])
KΞ = −
√
2
3
(− 1√
3
C2 −
√
3C3 − 1√3 C˜0 +
√
3C1) +
√
2C4 ,
∆A
(Ξ[10])
K¯Λ
= − 1√
3
C˜0 −
√
3C1 − 1√3 (3C4 + 2C2) ,
∆A
(Ξ[10])
K¯ Σ
= 2√
3
C2 − 1√3 C˜0 −
√
3C1 +
√
3C4 ,
∆A
(Ξ[10])
η Ξ =
1√
3
C2 +
√
3C3 +
2√
3
C˜0 +
√
3C4 ,
∆A
(Ξ[10])
π Ξ =
1√
3
C2 +
√
3C3 − 2√3 C˜0 −
√
3C4 , (122)
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where the SU(3) symmetric contributions G(C) are
G
(∆[10])
πN =
√
2C , G
(∆[10])
K Σ = −
√
2C , G
(Σ[10])
K¯N
=
√
2
3
C ,
G
(Σ[10])
πΣ = −
√
2
3
C , G
(Σ[10])
πΛ = −C , G(Σ[10])ηΣ = C , G(Σ[10])KΞ = −
√
2
3
C ,
G
(Ξ[10])
K¯Λ
= C , G
(Ξ[10])
K¯ Σ
= C , G
(Ξ[10])
ηΞ = −C , G
(Ξ[10])
π Ξ = −C . (123)
We recall that at leading order in the 1/Nc expansion the five symmetry-
breaking parameters Ci introduced in (33) are all given in terms of the ci
parameters (39). The parameter δC0 ∼ c˜1 − c1 and also implicitly C˜R (see
(37)) probe the c˜1 parameter introduced in (38). We emphasize that all ci
parameters but c5 are determined to a large extent by the decay widths of the
baryon octet states and also c˜1 is constrained strongly by the SU(3) symmetry-
breaking pattern of the meson-baryon-octet coupling constants (38).
The baryon octet resonance contributions K
(I)
s−[9] and K
(I)
u−[9] require special
attention, because the way how to incorporate systematically these resonances
in a chiral SU(3) scheme is not clear. We present first the s-channel and u-
channel contributions as they follow from (7) at tree-level
K
(I)
s−[9](k¯, k;w)=
4∑
c=0
C
(I,c)
[9]
4 f 2
(
− q¯ · q
/w +m
(c)
[9]
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(m
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[9] )
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3
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4 f 2
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− q¯ · q
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(c)
[9]
+
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3
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3m
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+
1
3
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− Z[9]
3 (m
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[9] )
2
(
/¯q (w˜ · q) + (q¯ · w˜) /q −m(c)[9] (/¯q /q − 2 (q¯ · q))
)
+
(Z[9])
2
6 (m
(c)
[9] )
2
(
/¯p /˜w /p− w˜2 /w − 2m(c)[9] (/¯q /q − 2 q · q)
))
(124)
where the index c → (Λ(1520), N(1520),Λ(1690),Σ(1680),Ξ(1820)) extends
over the nonet resonance states. The coefficient matrices C
(I,c)
[9] and C˜
(I,c)
[9] are
constructed by analogy with those of the octet and decuplet contributions
(see (109,114)). In particular one has C
(I)
B∗(c) = C
(I)
B(c) and C˜
(I)
B∗(c) = C˜
(I)
B(c). The
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coupling constants A
(B∗)
ΦB = G
(B)
ΦB (F[9], D[9]) are given in terms of the F[9] and
D[9] parameters introduced in (7) for all contributions except those for the
Λ(1520) and Λ(1690) resonances
G
(Λ(1520))
K¯N
=
√
2
3
(
3F[9] +D[9]
)
sinϑ+
√
3C[9] cosϑ ,
G
(Λ(1520))
πΣ = −2D[9] sin ϑ+ 3√2 C[9] cosϑ ,
G
(Λ(1520))
ηΛ =
2√
3
D[9] sinϑ+
√
3
2
C[9] cos ϑ ,
G
(Λ(1520))
KΞ =
√
2
3
(
3F[9] −D[9]
)
sin ϑ−
√
3C[9] cosϑ (125)
and
G
(Λ(1690))
K¯N
= −
√
2
3
(
3F[9] +D[9]
)
cosϑ+
√
3C[9] sinϑ ,
G
(Λ(1690))
πΣ = 2D[9] cosϑ+
3√
2
C[9] sinϑ ,
G
(Λ(1690))
ηΛ = − 2√3 D[9] cos ϑ+
√
3
2
C[9] sinϑ ,
G
(Λ(1690))
KΞ = −
√
2
3
(
3F[9] −D[9]
)
cosϑ−
√
3C[9] sin ϑ . (126)
The baryon octet field B∗µ asks for special considerations in a chiral SU(3)
scheme as there is no straightforward systematic approximation strategy. Given
that the baryon octet and decuplet states are degenerate in the large Nc limit,
it is natural to impose m[10] − m[8] ∼ Q. In contrast with that there is no
fundamental reason to insist on mN(1520) − mN ∼ Q, for example. But, only
with m[9] −m[8] ∼ Q is it feasible to establish consistent power counting rules
needed for the systematic evaluation of the chiral Lagrangian. Note that the
presence of the baryon octet resonance states in the large Nc limit of QCD is
far from abvious. Our opinion differs here from the one expressed in [73,74]
where the d-wave baryon octet resonance states are considered as part of
an excited large Nc 70-plet. Recall that reducible diagrams summed by the
Bethe-Salpeter equation are typically enhanced by a factor of 2π relatively to
irreducible diagrams. We conclude that there are a priori two possibilities: the
baryon resonances are a consequence of important coupled-channel dynamics
or they are already present in the interaction kernel. An expansion in 2π/Nc,
in our world with Nc = 3, does not appear useful. The fact that baryon res-
onances exhibit large hadronic decay widths may be taken as an indication
that the coupled-channel dynamics is the driving mechanism for the creation
of baryon resonances. Related arguments have been put forward in [75,76]. In-
deed, for instance the N(1520) resonance, was successfully described in terms
of coupled channel dynamics, including the vector-meson nucleon channels as
an important ingredient [77], but without assuming a preformed resonance
structure in the interaction kernel. The successful description of the Λ(1405)
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resonance in our scheme (see Fig. 1) supports the above arguments. For a
recent discussion of the competing picture in which the Λ(1405) resonance is
considered as a quark-model state we refer to [78].
The description of resonances has a subtle consequence for the treatment of the
u-channel baryon resonance exchange contribution. If a resonance is formed
primarily by the coupled channel dynamics one should not include an explicit
bare u-channel resonance contribution in the interaction kernel. The then nec-
essarily strong energy dependence of the resonance self-energy would invalidate
the use of (124), because for physical energies
√
s > mN +mπ the resonance
self-energy is probed far off the resonance pole. Our discussion has non-trivial
implications for the chiral SU(3) dynamics. Naively one may object that the
effect of the u-channel baryon resonance exchange contribution in (124) can be
absorbed to good accuracy into chiral two-body interaction terms in any case.
However, while this is true in a chiral SU(2) scheme, this is no longer possible
in a chiral SU(3) approach. This follows because chiral symmetry selects a
specific subset of all possible SU(3)-symmetric two-body interaction terms at
given chiral order. In particular one finds that the effect of the Z[9] parameter
in (124) can not be absorbed into the chiral two-body parameters g(S), g(V ) or
g(T ) of (18). For that reason we discriminate two possible scenarios. In scenario
I we conjecture that the baryon octet resonance states are primarily generated
by the coupled channel dynamics of the vector-meson baryon-octet channels.
Therefore in this scenario the u-channel resonance exchange contribution of
(124) is neglected and only its s-channel contribution is included as a remi-
niscence of the neglected vector meson channels. Note that this is analogous
to the treatment of the Λ(1405) resonance, which is generated dynamically in
the chiral SU(3) scheme (see Fig. 1). Here a s-channel pole term is generated
by the coupled channel dynamics but the associated u-channel term is effec-
tively left out as a much suppressed contribution. In scenario II we explicitly
include the s- and the u-channel resonance exchange contributions as given in
(124), thereby assuming that the resonance was preformed already in the large
Nc limit of QCD and only slightly affected by the coupled channel dynamics.
Our detailed analyses of the data set clearly favor scenario I. The inclusion of
the u-channel resonance exchange contributions appears to destroy the sub-
tle balance of chiral s-wave range terms and makes it impossible to obtain a
reasonable fit to the data set. Thus all results presented in this work will be
based on scenario I. Note that in that scenario the background parameter Z[9]
drops out completely (see (130)).
We turn to the quasi-local two-body interaction termsK
(I)
[8][8] and K
(I)
χ in (105).
It is convenient to represent the strength of an interaction term in a given
channel (I, a) → (I, b) by means of the dimensionless coupling coefficients
[C(I).. ]ab. The SU(3) structure of the interaction terms L(S) and L(V ) in (18)
are characterized by the coefficients C
(I)
0 , C
(I)
1 , C
(I)
D , C
(I)
F and L(T ) by C¯(I)1 , C¯(I)D
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C
( 1
2
)
π,0 C
( 1
2
)
π,D C
( 1
2
)
π,F C
( 1
2
)
K,0 C
( 1
2
)
K,D C
( 1
2
)
K,F C
( 1
2
)
0 C
( 1
2
)
1 C
( 1
2
)
D C
( 1
2
)
F C¯
( 1
2
)
1 C¯
( 1
2
)
D C¯
( 1
2
)
F
11 -4 -2 -2 0 0 0 2 0 1 1 0 2 2
12 0 12 -
1
2 0
1
2 -
1
2 0 1 -
1
2
1
2 -1 -
1
2
1
2
13 0 -2 -2 0 0 0 0 0 1 1 0 0 0
14 0 12
3
2 0
1
2
3
2 0 0 -
1
2 -
3
2 0 -
1
2 -
3
2
22 0 0 0 -4 -2 4 2 0 1 -2 0 -1 2
23 0 -32
3
2 0
5
2 -
5
2 0 0 -
1
2
1
2 0
3
2 -
3
2
24 0 0 0 0 -2 0 0 0 1 0 0 -1 0
33 43 2 -
10
3 -
16
3 -
16
3
16
3 2 0
5
3 -1 0 0 0
34 0 12
3
2 0 -
5
6 -
5
2 0 1
1
6
1
2 -1 -
1
2 -
3
2
44 0 0 0 -4 -103 0 2 0
5
3 0 0 1 0
C
( 3
2
)
π,0 C
( 3
2
)
π,D C
( 3
2
)
π,F C
( 3
2
)
K,0 C
( 3
2
)
K,D C
( 3
2
)
K,F C
( 3
2
)
0 C
( 3
2
)
1 C
( 3
2
)
D C
( 3
2
)
F C¯
( 3
2
)
1 C¯
( 3
2
)
D C¯
( 3
2
)
F
11 -4 -2 -2 0 0 0 2 0 1 1 0 -1 -1
12 0 -1 1 0 -1 1 0 1 1 -1 -1 1 -1
22 0 0 0 -4 -2 -2 2 0 1 1 0 -1 -1
Table 3
Coefficients of quasi-local interaction terms in the strangeness zero channels as de-
fined in (127).
and C¯
(I)
F . Similarly the interaction terms (27) which break chiral symmetry
explicitly are written in terms of the coefficients C
(I)
π,0, C
(I)
π,D, C
(I)
π,F and C
(I)
K,0,
C
(I)
K,D, C
(I)
K,F . We have
K
(I)
[8][8](k¯, k;w)=
q¯ · q
4f 2
(
g
(S)
0 C
(I)
0 + g
(S)
1 C
(I)
1 + g
(S)
D C
(I)
D + g
(S)
F C
(I)
F
)
+
1
16f 2
(
/q (p+ p¯) · q¯ + /¯q (p+ p¯) · q
) (
g
(V )
0 C
(I)
0 + g
(V )
1 C
(I)
1
)
+
1
16f 2
(
/q (p+ p¯) · q¯ + /¯q (p+ p¯) · q
) (
g
(V )
D C
(I)
D + g
(V )
F C
(I)
F
)
+
i
4f 2
(
q¯µ σµν q
ν
) (
g
(T )
1 C¯
(I)
1 + g
(T )
D C¯
(I)
D + g
(T )
F C¯
(I)
F
)
,
K(I)χ (k¯, k;w)=
b0
f 2
(
m2π C
(I)
π,0 +m
2
K C
(I)
K,0
)
+
bD
f 2
(
m2π C
(I)
π,D +m
2
K C
(I)
K,D
)
+
bF
f 2
(
m2π C
(I)
π,F +m
2
K C
(I)
K,F
)
, (127)
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where the coefficients C
(I)
..,ab are listed in Tab. 3 for the strangeness zero channel
and shown in Appendix E for the strangeness minus one channel. A complete
listing of the Q3 quasi-local two-body interaction terms can be found in Ap-
pendix B.
4.2 Chiral expansion and covariance
We proceed and detail the chiral expansion strategy for the interaction kernel
in which we wish to keep covariance manifestly. Here it is instructive to rewrite
first the meson energy ω(I)a and the baryon energy E
(I)
a in (102)
ω(I)a (
√
s) =
√
s−m(I)B(I,a) −
φ(I)a (
√
s)
2
√
s
, E(I)a (
√
s) = mB(I,a) +
φ(I)a (
√
s)
2
√
s
,
φ(I)a (
√
s) =
(√
s−mB(I,a)
)2 −m2Φ(I,a) , (128)
in terms of the approximate phase-space factor φ(I)a (
√
s ). We assign
√
s ∼
Q0 and φ(I)a /
√
s ∼ Q2. This implies a unique decomposition of the meson
energy ω(I)a in the leading term
√
s − mB(I,a) ∼ Q and the subleading term
−φ(I)a /(2
√
s) ∼ Q2. We stress that our assignment leads to mB(I,a) as the
leading chiral moment of the baryon energy E(I)a . We differ here from the
conventional heavy-baryon formalism which assigns the chiral power Q to the
full meson energy ω(I)a . Consistency with (128), in particular with E
(I)
a =√
s−ω(I)a , then results in either a leading chiral moment of the baryon energy
E(I)a not equal to the baryon mass or an assignment
√
s /∼ Q0.
The implications of our relativistic power counting assignment are first exem-
plified for the case of the quasi-local two-body interaction terms. We derive
the effective interaction kernel relevant for the s- and p-wave channels
V
(I,+)
[8][8] (
√
s; 0) =
1
4f 2
(
g
(S)
0 +
√
s g
(V )
0
) (√
s−M (I)
)
C
(I)
0
(√
s−M (I)
)
+
1
4f 2
(
g
(S)
1 +
√
s g
(V )
1
) (√
s−M (I)
)
C
(I)
1
(√
s−M (I)
)
+
1
4f 2
(
g
(S)
D +
√
s g
(V )
D
) (√
s−M (I)
)
C
(I)
D
(√
s−M (I)
)
+
1
4f 2
(
g
(S)
F +
√
s g
(V )
F
) (√
s−M (I)
)
C
(I)
F
(√
s−M (I)
)
+O
(
Q3
)
,
V
(I,−)
[8][8] (
√
s; 0) =− 1
3f 2
M (I)
(
g
(S)
0 C
(I)
0 + g
(S)
1 C
(I)
1
)
M (I)
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− 1
3f 2
M (I)
(
g
(S)
D C
(I)
D + g
(S)
F C
(I)
F
)
M (I)
+
1
4f 2
(√
s+M (I)
) (
g
(T )
1 C¯
(I)
1 + g
(T )
D C¯
(I)
D
) (√
s+M (I)
)
+
1
4f 2
(√
s+M (I)
)
g
(T )
F C¯
(I)
F
(√
s+M (I)
)
− 1
3f 2
M (I)
(
g
(T )
1 C¯
(I)
1 + g
(T )
D C¯
(I)
D + g
(T )
F C¯
(I)
F
)
M (I) +O (Q) ,
V
(I,+)
[8][8] (
√
s; 1) =− 1
12f 2
(
g
(S)
0 C
(I)
0 + g
(S)
1 C
(I)
1 + g
(S)
D C
(I)
D + g
(S)
F C
(I)
F
)
− 1
12f 2
(
g
(T )
1 C¯
(I)
1 + g
(T )
D C¯
(I)
D + g
(T )
T C¯
(I)
F
)
+O (Q) .
V (I,+)χ (
√
s, 0)=
b0
f 2
(
m2π C
(I)
π,0 +m
2
K C
(I)
K,0
)
+
bD
f 2
(
m2π C
(I)
π,D +m
2
K C
(I)
K,D
)
+
bF
f 2
(
m2π C
(I)
π,F +m
2
K C
(I)
K,F
)
+O
(
Q3
)
, (129)
where we introduced the diagonal baryon mass matrixM
(I)
ab = δabmB(I,a). Our
notation in (129) implies a matrix multiplication of the mass matrix M (I) by
the coefficient matrices C(I) in the ’ab’ channel-space. Recall that the d-wave
interaction kernel V
(I,−)
[8][8] (
√
s, 1) does not receive any contribution from quasi-
local counter terms to chiral order Q3. Similarly the chiral symmetry-breaking
interaction kernel Vχ can only contribute to s-wave scattering to this order.
We point out that the result (129) is uniquely determined by expanding the
meson energy according to (128). In particular we keep in V
(I,+)
ΦB (
√
s, 0) the
√
s
factor in front of g(V ). We refrain from any further expansion in
√
s− Λ with
some scale Λ ≃ mN . The relativistic chiral Lagrangian supplied with (128)
leads to well defined kinematical factors included in (129). These kinematical
factors, which are natural ingredients of the relativistic chiral Lagrangian, can
be generated also in the heavy-baryon formalism by a proper regrouping of
interaction terms. The Q3-terms induced by the interaction kernel (127) are
shown in Appendix B as part of a complete collection of relevant Q3-terms.
Next we consider the Weinberg-Tomozawa term and the baryon octet and
decuplet s-channel pole contributions
V
(I,±)
WT (
√
s; 0) =
1
2 f 2
(√
sC
(I)
WT ∓
1
2
[
M (I) , C
(I)
WT
]
+
)
,
V
(I,±)
s−[8] (
√
s; 0) =−
3∑
c=1
(√
s∓M (I,c)5
) C(I,c)[8]
4 f 2 (
√
s±m(c)[8] )
(√
s∓M (I,c)5
)
,
V
(I,+)
s−[10](
√
s; 0) =−2
3
2∑
c=1
√
s+m
(c)
[10]
(m
(c)
[10])
2
(√
s−M (I)
) C(I,c)[10]
4 f 2
(√
s−M (I)
)
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+
2∑
c=1
Z[10]
2
√
s−m(c)[10]
3 (m
(c)
[10])
2
(√
s−M (I)
) C(I,c)[10]
4 f 2
(√
s−M (I)
)
+
2∑
c=1
Z2[10]
2m
(c)
[10] −
√
s
6 (m
(c)
[10])
2
(√
s−M (I)
) C(I,c)[10]
4 f 2
(√
s−M (I)
)
+O
(
Q3
)
,
V
(I,−)
s−[10](
√
s; 0) =
2∑
c=1
Z[10]
3m
(c)
[10]
(√
s+M (I)
) C(I,c)[10]
4 f 2
(√
s+M (I)
)
−
2∑
c=1
Z2[10]
√
s+ 2m
(c)
[10]
6 (m
(c)
[10])
2
(√
s +M (I)
) C(I,c)[10]
4 f 2
(√
s +M (I)
)
+O (Q) ,
V
(I,+)
s−[10](
√
s; +1)=−1
3
2∑
c=1
C
(I,c)
[10]
4 f 2 (
√
s−m(c)[10])
+O (Q) ,
V
(I,−)
s−[9] (
√
s;−1)=−1
3
2∑
c=1
C
(I,c)
[9]
4 f 2 (
√
s−m(c)[9] )
+O
(
Q0
)
(130)
where we suppressed terms of order Q3 and introduced:
[
M
(I,c)
5
]
ab
= δab
(
mB(I,a) +R
(I,c)
L,aa
)
. (131)
The Weinberg-Tomozawa interaction term VWT contributes to the s-wave and
p-wave interaction kernels with J = 1
2
to chiral order Q and Q2 respectively
but not in the J = 3
2
channels. Similarly the baryon octet s-channel exchange
Vs−[8] contributes only in the J = 12 channels and the baryon decuplet s-
channel exchange Vs−[10] to all considered channels but the d-wave channel.
The Q3-terms not shown in (130) are given in Appendix B. In (130) we ex-
panded also the baryon-nonet resonance contribution applying in particular
the questionable formal rule
√
s−m[9] ∼ Q. To order Q3 one then finds that
only the d-wave interaction kernels are affected. In fact, the vanishing of all
contributions except the one in the d-wave channel does not depend on the
assumption
√
s − m[9] ∼ Q. It merely reflects the phase space properties of
the resonance field. We observe that our strategy preserves the correct pole
contribution in V
(I,−)
s−[9] (
√
s;−1) but discards smooth background terms in all
partial-wave interaction kernels. That is consistent with our discussion of sec-
tion 4.1 which implies that those background terms are not controlled in any
case. We emphasize that we keep the physical mass matrix M (I) rather than
the chiral SU(3) limit value in the interaction kernel. Since the mass matrix
follows from the on-shell reduction of the interaction kernel it necessarily in-
volves the physical mass matrix M (I). Similarly we keep M
(I)
5 unexpanded
since only that leads to the proper meson-baryon coupling strengths. This
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procedure is analogous to keeping the physical masses in the unitarity loop
functions JMB(w) in (80).
We proceed with the baryon octet and baryon decuplet u-channel contri-
butions. After performing their proper angular average as implied by the
partial-wave projection in (102) their contributions to the scattering kernels
are written in terms of matrix valued functions h
(I)
n±(
√
s,m), q
(I)
n±(
√
s,m) and
p
(I)
n±(
√
s,m) as
[
V
(I,±)
u−[8] (
√
s;n)
]
ab
=
4∑
c=1
1
4 f 2
[
C˜
(I,c)
[8]
]
ab
[
h
(I)
n±(
√
s,m
(c)
[8] )
]
ab
,
[
V
(I,±)
u−[10](
√
s;n)
]
ab
=
3∑
c=1
1
4 f 2
[
C˜
(I,c)
[10]
]
ab
[
p
(I)
n±(
√
s,m
(c)
[10])
]
ab
,
[
V
(I,±)
u−[9] (
√
s;n)
]
ab
=
4∑
c=1
1
4 f 2
[
C˜
(I,c)
[9]
]
ab
[
q
(I)
n±(
√
s,m
(c)
[9] )
]
ab
. (132)
The functions h
(I)
n±(
√
s,m), q
(I)
n±(
√
s,m) and p
(I)
n±(
√
s,m) can be expanded in
chiral powers once we assign formal powers to the typical building blocks
µ
(I)
±,ab(s,m) = mB(I,a) +mB(I,b) −
√
s±m . (133)
We count µ− ∼ Q and µ+ ∼ Q0 but refrain from any further expansion. Then
the baryon octet functions h
(I)
n±(
√
s,m) to order Q3 read
[
h
(I)
0+(
√
s,m)
]
ab
=
√
s+m+ R˜
(I,c)
L,ab + R˜
(I,c)
R,ab −
m+M
(L)
ab
µ
(I)
+,ab(s,m)
(√
s +
+
φ(I)a (s) (
√
s−mB(I,b))
µ
(I)
+,ab(s,m)µ
(I)
−,ab(s,m)
+
(
√
s−mB(I,a))φ(I)b (s)
µ
(I)
+,ab(s,m)µ
(I)
−,ab(s,m)
+
1
3
φ(I)a (s) (4
√
s− µ(I)+,ab(s,m))φ(I)b (s)
(µ
(I)
+,ab(s,m))
2 (µ
(I)
−,ab(s,m))
2
)
m+M
(R)
ab√
s
+O
(
Q3
)
,
[
h
(I)
0−(
√
s,m)
]
ab
=
m+M
(L)
ab
µ
(I)
−,ab(s,m)
(
2
√
s+ µ
(I)
−,ab(s,m)
−8
3
mB(I,a)mB(I,b)
µ
(I)
+,ab(s,m)
)
m+M
(R)
ab
µ
(I)
+,ab(s,m)
+O (Q) ,
[
h
(I)
1+(
√
s,m)
]
ab
= −2
3
(m+M
(L)
ab ) (m+M
(R)
ab )
µ
(I)
−,ab(s,m) (µ
(I)
+,ab(s,m))
2
+O (Q)
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[
h
(I)
1−(
√
s,m)
]
ab
= −32
15
(m+M
(L)
ab )mB(I,a)mB(I,b) (m+M
(R)
ab )
(µ
(I)
−,ab(s,m))
2 (µ
(I)
+,ab(s,m))
3
+
4
3
(m+M
(L)
ab )
√
s (m+M
(R)
ab )
(µ
(I)
−,ab(s,m))
2 (µ
(I)
+,ab(s,m))
2
+O
(
Q−1
)
, (134)
where we introduced M
(L)
ab = mB(I,a) + R˜
(I,c)
L,ab and M
(R)
ab = mB(I,b) + R˜
(I,c)
R,ab. The
terms of order Q3 can be found in Appendix G where we present also the
analogous expressions for the decuplet and baryon-octet resonance exchanges.
We emphasize two important points related to the expansion in (134). First, it
leads to a separable interaction kernel. Thus the induced Bethe-Salpeter equa-
tion is solved conveniently by the covariant projector method of section 3.4.
Secondly, such an expansion is only meaningful in conjunction with the renor-
malization procedure outlined in section 3.2. The expansion leads necessarily
to further divergencies which require careful attention.
We close this section with a more detailed discussion of the u-channel ex-
change. Its non-local nature necessarily leads to singularities in the partial-
wave scattering amplitudes at subthreshold energies. For instance, the expres-
sions (134) as they stand turn useless at energies
√
s ≃ mB(I,a)+mB(I,b)−m due
to unphysical multiple poles at µ− = 0. One needs to address this problem, be-
cause the subthreshold amplitudes are an important input for the many-body
treatment of the nuclear meson dynamics. We stress that a singular behav-
ior in the vicinity of µ− ∼ 0 is a rather general property of any u-channel
exchange contribution. It is not an artifact induced by the chiral expansion.
The partial-wave decomposition of a u-channel exchange contribution repre-
sents the pole term only for sufficiently large or small
√
s. To be explicit we
consider the u-channel nucleon pole term contribution of elastic πN scattering
∞∑
n=0
1∫
−1
dx
2
Pn(x)
µ
(+)
πN µ
(−)
πN − 2φπN x+O (Q3)
, (135)
where µ
(±)
πN = 2mN−
√
s±mN . Upon inspecting the branch points induced by
the angular average one concludes that the partial wave decomposition (135)
is valid only if
√
s > Λ+ or
√
s < Λ− with Λ± = mN ±m2π/mN +O(Q3). For
any value in between, Λ− <
√
s < Λ+, the partial-wave decomposition is not
converging. We therefore adopt the following prescription for the u-channel
contributions. The unphysical pole terms in (134) are systematically replaced
by
mΛ
(±)
ab (m) = m (mB(I,a) +mB(I,b))−m2
±
((
(m−mB(I,b))2 −m2Φ(I,a)
) (
(m−mB(I,a))2 −m2Φ(I,b)
))1/2
,
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(
µ−1−,ab(
√
s,m)
)n → (µ−1−,ab(Λ(−)ab , m))n
√
s− Λ(+)ab
Λ
(−)
ab − Λ(+)ab
+
(
µ−1−,ab(Λ
(+)
ab , m)
)n √s− Λ(−)ab
Λ
(+)
ab − Λ(−)ab
, (136)
for Λ
(−)
ab <
√
s < Λ
(+)
ab but kept unchanged for
√
s > Λ
(+)
ab or
√
s < Λ
(−)
ab in
a given channel (a,b). The prescription (136) properly generalizes the SU(2)
sector result Λ± ≃ mN±m2π/mN to the SU(3) sector. We underline that (136)
leads to regular expressions for h±n(
√
s,m) but leaves the u-channel pole con-
tributions unchanged above threshold. The reader may ask why we impose
such a prescription at all. Outside the convergence radius of the partial-wave
expansion the amplitudes do not make much sense in any case. Our prescrip-
tion is nevertheless required due to a coupled-channel effect. To be specific,
consider for example elastic kaon-nucleon scattering in the strangeness mi-
nus one channel. Since there are no u-channel exchange contributions in this
channel the physical partial-wave amplitudes do not show any induced singu-
larity structures. For instance in the πΣ → πΣ channel, on the other hand,
the u-channel hyperon exchange does contribute and therefore leads through
the coupling of the K¯N and πΣ channels to a singularity also in the K¯N
amplitude. Such induced singularities are an immediate consequence of the
approximate treatment of the u-channel exchange contribution and must be
absent in an exact treatment. As a measure for the quality of our prescription
we propose the accuracy to which the resulting subthreshold forward kaon-
nucleon scattering amplitudes satisfies a dispersion integral. We return to this
issue in the result section.
4.3 SU(3) dynamics in the S = 1 channels
We turn to the K+-nucleon scattering process which is related to the K−-
nucleon scattering process by crossing symmetry. The scattering amplitudes
T
(I)
KN→KN follow from the K
−-nucleon scattering amplitudes T (I)
K¯N→K¯N via the
transformation
T
(0)
KN→KN(q¯, q;w) = −
1
2
T
(0)
K¯N→K¯N (−q,−q¯;w − q¯ − q)
+
3
2
T
(1)
K¯N→K¯N(−q,−q¯;w − q¯ − q) ,
T
(1)
KN→KN(q¯, q;w) = +
1
2
T
(0)
K¯N→K¯N(−q,−q¯;w − q¯ − q)
+
1
2
T
(1)
K¯N→K¯N(−q,−q¯;w − q¯ − q) . (137)
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It is instructive to work out the implication of crossing symmetry for the
kaon-nucleon scattering amplitudes in more detail. We decompose the on-shell
scattering amplitudes into their partial-wave amplitudes:
T
(I)
KN→KN(q¯, q;w) =
1
2
(
/w√
w2
+ 1
)
F
(I,+)
KN (s, t) +
1
2
(
/w√
w2
− 1
)
F
(I,−)
KN (s, t)
=
∞∑
n=0
(
M
(I,+)
KN (
√
s;n) Y (+)n (q¯, q;w) +M
(I,−)
KN (
√
s;n) Y (−)n (q¯, q;w)
)
,
T
(I)
K¯N→K¯N(q¯, q;w) =
1
2
(
/w√
w2
+ 1
)
F
(I,+)
K¯N
(s, t) +
1
2
(
/w√
w2
− 1
)
F
(I,−)
K¯N
(s, t)
=
∞∑
n=0
(
M
(I,+)
K¯N
(
√
s;n) Y (+)n (q¯, q;w) +M
(I,−)
K¯N
(
√
s;n) Y (−)n (q¯, q;w)
)
(138)
where we suppressed the on-shell nucleon spinors. The crossing identity (137)
leads to
F
(I,±)
KN (s, u) =
∞∑
n=0
(
± 1
2
(
2mN ∓
√
s√
u
+ 1
)
Y¯
(c)
n+1(q¯, q;w)
∓1
2
(
2mN ∓
√
s√
u
− 1
)(
E¯ +mN
)2
Y¯ (c)n (q¯, q;w)
)
M¯
(I,+)
K¯N
(
√
u;n)
+
∞∑
n=0
(
± 1
2
(
2mN ∓
√
s√
u
− 1
)
Y¯
(c)
n+1(q¯, q;w)
∓ 1
2
(
2mN ∓
√
s√
u
+ 1
)(
E¯ −mN
)2
Y¯ (c)n (q¯, q;w)
)
M¯
(I,−)
K¯N
(
√
u;n) ,
E¯ =
1
2
√
u+
m2N −m2K
2
√
u
, u = 2m2N + 2m
2
K − s+ 2 p2KN (1− cos θ) ,(139)
where
M¯
(0,±)
K¯N
(
√
u;n) = −1
2
M
(0,±)
K¯N
(
√
u;n) +
3
2
M
(1,±)
K¯N
(
√
u;n) ,
M¯
(1,±)
K¯N (
√
u;n) = +
1
2
M
(0,±)
K¯N (
√
u;n) +
1
2
M
(1,±)
K¯N (
√
u;n) . (140)
Note that Y¯ (c)n (q¯, q;w) = Y¯n(−q,−q¯;w−q− q¯) was introduced already in (76).
The partial-wave amplitudes of the K+-nucleon system can now be deduced
from (139) using (102).
We proceed with two important remarks. First, if the solution of the coupled-
channel Bethe-Salpeter equation of the K−-nucleon system of the previous
sections is used to construct the K+-nucleon scattering amplitudes via (139)
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C
(I)
WT C
(I)
N[8]
C
(I)
Λ[8]
C
(I)
Σ[8]
C
(I)
∆[10]
C
(I)
Σ[10]
C˜
(I)
N[8]
C˜
(I)
Λ[8]
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(I)
Σ[8]
C˜
(I)
Ξ[8]
C˜
(I)
∆[10]
C˜
(I)
Σ[10]
C˜
(I)
Ξ[10]
I = 0 0 0 0 0 0 0 0 -12
3
2 0 0
3
2 0
I = 1 -2 0 0 0 0 0 0 12
1
2 0 0
1
2 0
Table 4
Weinberg-Tomozawa interaction strengths and baryon exchange coefficients in the
strangeness plus one channels as defined in (121).
one finds real partial-wave amplitudes in conflict with unitarity. And sec-
ondly, in any case our K−-nucleon scattering amplitudes must not be applied
far below the K−-nucleon threshold. The first point is obvious because in the
K+-nucleon channel only two-particle irreducible diagrams are summed. Note
that the reducible diagrams in the KN sector correspond to irreducible con-
tributions in the K¯N sector and vice versa. Since the interaction kernel of the
K¯N sector is evaluated perturbatively it is clear that the scattering amplitude
does not include that infinite sum of reducible diagrams required for unitar-
ity in the crossed channel. The second point follows, because the chiral SU(3)
Lagrangian is an effective field theory where the heavy-meson exchange contri-
butions are integrated out. It is important to identify the applicability domain
correctly. Inspecting the singularity structure induced by the light t-channel
vector meson exchange contributions one observes that they, besides restrict-
ing the applicability domain with
√
s <
√
m2N +m
2
ρ/4+
√
m2K +m
2
ρ/4 ≃ 1640
MeV from above, induce cut-structures in between the K+ and K−-nucleon
thresholds. This will be discussed in more detail below. Though close to the
K+ andK−-nucleon thresholds the tree-level contributions of the vector meson
exchange are successfully represented by quasi-local interaction vertices, basi-
cally the Weinberg-Tomozawa interaction term, it is not justified to extrapo-
late a loop evaluated with the effective K−-nucleon vertex down to the K+-
nucleon threshold. We conclude that one should not identify our K−-nucleon
scattering amplitudes with the Bethe-Salpeter kernel of the K+-nucleon sys-
tem. This would lead to a manifestly crossing symmetric approach, a so-called
’parquet’ approximation, if set up in a self consistent manner. We reiterate
the fatal drawback of a parquet type of approach within our present chiral
framework: the K−-nucleon amplitudes would be probed far below the K¯N
threshold at
√
s ≃ mN −mK outside their validity domain. A clear signal for
the unreliability of the K−-nucleon scattering amplitudes at
√
s ≃ mN −mK
is the presence of unphysical pole structures which typically arise at
√
s < 700
MeV. For example, the Fig. 1 of section 4.3 would show unphysical pole struc-
tures if extended for
√
s < 1 GeV.
For the above reasons we evaluate theK+-nucleon interaction kernel perturba-
tively from the chiral Lagrangian. Equivalently the interaction kernels, VKN ,
could be derived from the K−-nucleon interaction kernels VK¯N by applying
the crossing identities (137). The interaction kernels VKN(
√
s;n) in the K+-
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I = 0 0 0 0 -4 0 4 2 -1 0 -2 1 2 0
I = 1 0 0 0 -4 -4 0 2 1 2 0 -1 0 -2
Table 5
Coefficients of quasi-local interaction terms in the strangeness plus one channels as
defined in (127).
nucleon channel are given by (129,130,132) with the required coefficients listed
in Tab. 4 and Tab. 5. By analogy with the treatment of the K−-nucleon scat-
tering process we take the K+-nucleon interaction evaluated to chiral order
Q3 as input for the Bethe-Salpeter equation. Again we consider only those Q3-
correction terms which are leading in the 1/Nc expansion. The partial-wave
scattering amplitudes M
(I,±)
KN (
√
s;n) then follow
M
(I,±)
KN (
√
s;n) =
V
(I,±)
KN (
√
s;n)
1− V (I,±)KN (
√
s;n) J
(±)
KN(
√
s;n)
(141)
where the loop functions J
(±)
KN(
√
s;n) are given in (101) with mB(I,a) = mN
and mΦ(I,a) = mK . The subtraction point µ
(I) is identified with the averaged
hyperon mass µ(I) = (mΛ +mΣ)/2.
We point out that in our scheme we arrive at a crossing symmetric amplitude
by matching the amplitudes M
(I,±)
KN (
√
s, n) and M
(I,±)
K¯N
(
√
s, n) at subthreshold
energies. The matching interval must be chosen so that both the K+ and K−
amplitudes are still within their validity domains. A complication arises due
to the light vector meson exchange contributions in the t-channel, which we
already identified above to restrict the validity domain of the present chiral
approach. To be explicit consider the t-channel ω exchange. It leads to a
branch point at
√
s = Λω with Λω = (m
2
N − m2ω/4)1/2 + (m2K − m2ω/4)1/2 ≃
1138 MeV. Consequently, one expects the partial-waveK+ andK−-amplitudes
to be reliable for
√
s > Λω only. That implies, however, that in the crossed
channel the amplitude is needed for
√
s > (2m2N −Λ2ω +2m2K)1/2 ≃ 978 MeV
< Λω. One may naively conclude that crossing symmetry appears outside the
scope of our scheme, because the matching window is closed. Note that the
minimal critical point Λopt needed to open the matching window is
Λopt. ≃
√
m2N +m
2
K ≃ 1061MeV . (142)
It is determined by the condition s = u at cos θ = 1. We conclude that match-
ing the K+ and K− amplitudes requires that both amplitudes are within
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their applicability domain at
√
s = Λopt.. The point
√
s = Λopt. is optimal,
because it identifies the minimal reliability domain required for the matching
of the subthreshold amplitudes. We note that the complication implied by
the t-channel vector meson exchanges could be circumvented by reconstruct-
ing that troublesome branch point explicitly; after all it is determined by a
tree-level diagram. On the other hand, it is clear that one may avoid this com-
plication altogether if one considers the forward scattering amplitudes only.
For the latter amplitudes the branch cut at
√
s = Λω cancels identically and
consequently the forward scattering amplitudes should be reliable for energies
smaller than Λω also. For that reason, we demonstrate the matching for our
forward scattering amplitudes only. We reconstruct the approximate forward
scattering amplitudes T
(I)
KN(s) in terms the partial-wave amplitudes included
in our work
T
(I)
KN(s)=
1
2
√
s
(
s+m2N −m2K
2mN
+
√
s
)
M
(I,+)
KN (
√
s; 0)
+
1
2
√
s
(
s+m2N −m2K
2mN
−√s
)
M
(I,−)
KN (
√
s; 0)
+
1√
s
(
s+m2N −m2K
2mN
+
√
s
)
p2KN M
(I,+)
KN (
√
s; 1)
+
1√
s
(
s+m2N −m2K
2mN
−√s
)
p2KN M
(I,−)
KN (
√
s; 1) + · · · , (143)
where
√
s =
√
m2N + p
2
KN +
√
m2K + p
2
KN . The analogous expression holds for
T
(I)
K¯N
(s). The crossing identities for the forward scattering amplitudes
T
(0)
KN(s)=−
1
2
T
(0)
K¯N
(2m2N + 2m
2
K − s) +
3
2
T
(1)
K¯N
(2m2N + 2m
2
K − s) ,
T
(1)
KN(s)=+
1
2
T
(0)
K¯N
(2m2N + 2m
2
K − s) +
1
2
T
(1)
K¯N
(2m2N + 2m
2
K − s) (144)
are expected to hold approximatively within some matching window centered
around
√
s ≃ Λopt. A further complication arises due to the approximate
treatment of the u-channel exchange contribution in the K+N -channel. Since
the optimal matching point Λopt. is not too far away from the hyperon poles
with Λopt. ∼ mΛ, mΣ it is advantageous to investigate approximate crossing
symmetry for the hyperon-pole term subtracted scattering amplitudes.
We would like to stress that the expected approximate crossing symmetry is
closely linked to our renormalization condition (70). Since all loop functions
J (±)(
√
s, n) vanish close to
√
s = (mΛ +mΣ)/2 by construction, the K
+ and
K− amplitudes turn perturbative sufficiently close to the optimal matching
point Λopt.. Therefore the approximate crossing symmetry of our scheme fol-
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lows directly from the crossing symmetry of the interaction kernel. In the
result section our final K±N amplitudes are confronted with the expected
approximate crossing symmetry.
Finally we observe that for pion-nucleon scattering the situation is rather dif-
ferent. Given the rather small pion mass, the t-channel vector meson exchange
contributions do not induce singularities in between the π+ and π−-nucleon
thresholds but restrict the applicability domain of the chiral Lagrangian to√
s <
√
m2N +m
2
ρ/4 +
√
m2π +m
2
ρ/4 ≃ 1420 MeV. The approximate crossing
symmetry follows directly from the perturbative character of the pion-nucleon
sector.
5 Results
In this section we present the many results of our detailed chiral SU(3) analy-
sis of the low-energy meson-baryon scattering data. We refer to our theory as
the χ-BS(3) approach for chiral Bethe-Salpeter dynamics of the flavor SU(3)
symmetry. Before delving into details we briefly summarize the main features
and crucial arguments of our approach. We consider the number of colors (Nc)
in QCD as a large parameter relying on a systematic expansion of the inter-
action kernel in powers of 1/Nc. The coupled-channel Bethe-Salpeter kernel
is evaluated in a combined chiral and 1/Nc expansion including terms of chi-
ral order Q3. We include contributions of s and u-channel baryon octet and
decuplet states explicitly but only the s-channel contributions of the d-wave
JP = 3
2
−
baryon nonet resonance states. Therewith we consider the s-channel
baryon nonet contributions to the interaction kernel as a reminiscence of fur-
ther inelastic channels not included in the present scheme like for example
the K∆µ or KµN channel. We expect all baryon resonances, with the im-
portant exception of those resonances which belong to the large Nc baryon
ground states, to be generated by coupled channel dynamics. Our conjecture
is based on the observation that unitary (reducible) loop diagrams are typ-
ically enhanced by a factor of 2π close to threshold relatively to irreducible
diagrams. That factor invalidates the perturbative evaluation of the scattering
amplitudes and leads necessarily to a non-perturbative scheme with reducible
diagrams summed to all orders.
We are painfully aware of the fact that in our present scheme the explicit inclu-
sion of the baryon resonance nonet states is somewhat leaving the systematic
chiral framework, in the absence of a controlled approximation scheme. An
explicit baryon resonance contribution is needed because there exist no reli-
able phase shift analyses of the antikaon-nucleon scattering process so far, in
particular at low energies. Part of the empirical information on the p-wave
amplitudes stems from the interference effects of the p-wave amplitudes with
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the Λ(1520) resonance amplitude. The Λ(1520) resonance is interpreted as a
SU(3) singlet state with a small admixture of a resonance octet state. We
stress that the s- and p-wave channels are not affected by the baryon nonet
states directly, because we discard the nonet u-channel contributions in accor-
dance with our arguments concerning resonance generation. As a consequence
all s- and p-channels are treated consistently within the chiral framework.
We do not include further resonance fields in the p-wave channels, because
those are not required at low energies and also because they would destroy
the fundamental chiral properties of our scheme. Ultimately we expect those
resonances to be generated by an extended coupled channel theory also.
The scattering amplitudes for the meson-baryon scattering processes are ob-
tained from the solution of the coupled channel Bethe-Salpeter scattering
equation. Approximate crossing symmetry of the amplitudes is guaranteed
by a renormalization program which leads to the matching of subthreshold
amplitudes. We first present a complete collection of the parameters as they
are adjusted to the data set. In the subsequent sections we report on details
of the fit strategy and confront our results with the empirical data. The re-
sult section is closed with a detailed analysis of our scattering amplitudes,
demonstrating their good analyticity properties as well as their compliance
with crossing symmetry.
5.1 Parameters
The set of parameters is well determined by the available scattering data
and weak decay widths of the baryon octet states. Typically a data point is
included in the analysis if plab < 350 MeV. There exist low-energy elastic and
inelastic K−p cross section data including in part angular distributions and
polarizations. We include also the low-energy differential K+p → K+p cross
sections in our global fit. The empirical constraints set by the K+-deuteron
scattering data above plab > 350 MeV are considered by requiring a reasonable
matching to the single energy S01 and P03 phase shifts of [79]. That resolves an
ambiguity in the parameter set. Finally, in order to avoid the various multi-
energy πN phase shifts imperspicuous close to threshold, we fit to the single-
energy phase shifts of [80]. This will be discussed in more detail below. We
aim at a uniform quality of the data description. Therefore we form the χ2 per
data point in each sector and add those up to the total χ2 which is minimized
by the search algorithms of Minuit [81]. In cases where the empirical error
bars are much smaller than the accuracy to which we expect the χ-BS(3) to
work to the given order, we artificially increase those error bars in our global
fit. In Tab. 6-9 we present the parameter set of our best fit to the data. Note
that part of the parameters are predetermined to a large extent and therefore
fine tuned in a small interval only.
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f [MeV] CR FR DR
90.04 1.734 0.418 0.748
Table 6
Leading chiral parameters which contribute to meson-baryon scattering at order Q.
A qualitative understanding of the typical strength in the various channels
can be obtained already at leading chiral order Q. In particular the Λ(1405)
resonance is formed as a result of the coupled-channel dynamics defined by
the Weinberg-Tomozawa interaction vertices (see Fig. 1). There are four pa-
rameters relevant at that order f , CR, FR and DR. Their respective values as
given in Tab. 6 are the result of our global fit to the data set including all
parameters of the χ-BS(3) approach. At leading chiral order the parameter
f determines the weak pion- and kaon-decay processes and at the same time
the strength of the Weinberg-Tomozawa interaction vertices. To subleading
order Q2 the Weinberg-Tomozawa terms and the weak-decay constants of the
pseudo-scalar meson octet receive independent correction terms. The result
f ≃ 90 MeV is sufficiently close to the empirical decay parameters fπ ≃ 92.4
MeV and fK ≃ 113.0 MeV to expect that the Q2 correction terms lead indeed
to values rather close to the empirical decay constants. Our value for f is con-
sistent with the estimate of [40] which lead to fπ/f = 1.07±0.12. The baryon
octet and decuplet s- and u-channel exchange contributions to the interaction
kernels are determined by the FR, DR and CR parameters at leading order.
Note that FR and DR predict the baryon octet weak-decay processes and CR
the strong decay widths of the baryon decuplet states to this order also.
A quantitative description of the data set requires the inclusion of higher order
terms. Initially we tried to establish a consistent picture of the existing low-
energy meson-baryon scattering data based on a truncation of the interaction
kernels to chiral order Q2. This attempt failed due to the insufficient quality
of the kaon-nucleon scattering data at low energies. In particular some of the
inelastic K−-proton differential cross sections are strongly influenced by the d-
wave Λ(1520) resonance at energies where the data points start to show smaller
error bars. We conclude that, on the one hand, one must include an effective
baryon-nonet resonance field and, on the other hand, perform minimally a
chiral Q3 analysis to extend the applicability domain to somewhat higher
energies. Since the effect of the d-wave resonances is only necessary in the
strangeness minus one sector, they are only considered in that channel. The
resonance parameters will be presented when discussing the strangeness minus
one sector.
At subleading order Q2 the chiral SU(3) Lagrangian predicts the relevance of
12 basically unknown parameters, g(S), g(V ), g(T ) and Z[10], which all need to
be adjusted to the empirical scattering data. It is important to realize that
chiral symmetry is largely predictive in the SU(3) sector in the sense that
it reduces the number of parameters beyond the static SU(3) symmetry. For
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g
(V )
F [GeV
−2] 0.293 g(S)F [GeV
−1] -0.198 g(T )F [GeV
−1] 1.106 Z[10] 0.719
g
(V )
D [GeV
−2] 1.240 g(S)D [GeV
−1] -0.853 g(T )D [GeV
−1] 1.607 - -
Table 7
Chiral Q2-parameters resulting from a fit to low-energy meson-baryon scattering
data. Further parameters at this order are determined by the large Nc sum rules.
example one should compare the six tensors which result from decomposing
8 ⊗ 8 = 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 10 ⊕ 27 into its irreducible components with the
subset of SU(3) structures selected by chiral symmetry in a given partial wave.
Thus static SU(3) symmetry alone would predict 18 independent terms for
the s-wave and two p-wave channels rather than the 11 chiral Q2 background
parameters, g(S), g(V ) and g(T ). In our work the number of parameters was
further reduced significantly by insisting on the large Nc sum rules
g
(S)
1 = 2 g
(S)
0 = 4 g
(S)
D /3 , g
(V )
1 = 2 g
(V )
0 = 4 g
(V )
D /3 , g
(T )
1 = 0 ,
for the symmetry conserving quasi-local two body interaction terms (see (21)).
In Tab. 7 we collect the values of all free parameters as they result from our
best global fit. All parameters are found to have natural size. This is an impor-
tant result, because only then is the application of the chiral power counting
rule (5) justified. We point out that the large Nc sum rules derived in section
2 implicitly assume that other inelastic channels like K∆µ or KµN are not
too important. The effect of such channels can be absorbed to some extent
into the quasi-local counter terms, however possibly at the prize that their
large Nc sum rules are violated. It is therefore a highly non-trivial result that
we obtain a successful fit imposing (7). Note that the only previous analysis
[19], which truncated the interaction kernel to chiral order Q2 but did not
include p-waves, found values for the s-wave range parameters largely incon-
sistent with the large Nc sum rules. This may be due in part to the use of
channel dependent cutoff parameters and the fact that that analysis missed
octet and decuplet exchange contributions, which are important for the s-wave
interaction kernel already to chiral order Q2.
The parameters b0, bD and bF to this order characterize the explicit chiral
symmetry-breaking effects of QCD via the finite current quark masses. The
parameters bD and bF are well estimated from the baryon octet mass split-
ting (see (28)) whereas b0 must be extracted directly from the meson-baryon
scattering data. It drives the size of the pion-nucleon sigma term for which
conflicting values are still being discussed in the literature [53]. Our values
b0 = −0.346GeV−1 , bD = 0.061GeV−1 , bF = −0.195GeV−1 , (145)
are rather close to values expected from the baryon octet mass splitting (28).
The pion-nucleon sigma term σπN if evaluated at leading chiral order Q
2 (see
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h
(1)
F [GeV
−3] -0.129 h(1)D [GeV
−3] -0.548 h(2)F [GeV
−2] 0.174 h(3)F [GeV
−2] -0.221
Table 8
Chiral Q3-parameters resulting from a fit to low-energy meson-baryon scattering
data. Further parameters at this order are determined by the large Nc sum rules.
(31)) would be σπN ≃ 32 MeV. That value should not be compared directly
with σπN as extracted usually from pion-nucleon scattering data at the Cheng-
Dashen point. The required subthreshold extrapolation involves further poorly
convergent expansions [53]. Here we do not attempt to add anything new to
this ongoing debate. We turn to the analogous symmetry-breaking parame-
ters d0 and dD for the baryon decuplet states. Like for the baryon octet states
we use the isospin averaged empirical values for the baryon masses in any
u-channel exchange contribution. That means we use m
(∆)
[10] = 1232.0 MeV,
m
(Σ)
[10] = 1384.5 MeV and m
(Ξ)
10 = 1533.5 MeV in the decuplet exchange ex-
pressions. In the s-channel decuplet expressions we use the slightly different
values m
(∆)
10 = 1223.2 MeV and m
(Σ)
10 = 1374.4 MeV to compensate for a small
mass renormalization induced by the unitarization. Those values are rather
consistent with dD ≃ −0.49 GeV−1 (see (28)). Moreover note that all values
used are quite compatible with the large Nc sum rule
bD + bF = dD/3 .
The parameter d0 is not determined by our analysis. Its determination required
the study of the meson baryon-decuplet scattering processes.
At chiral order Q3 the number of parameters increases significantly unless fur-
ther constraints from QCD are imposed. Recall for example that [82] presents
a large collection of already 102 chiral Q3 interaction terms. A systematic ex-
pansion of the interaction kernel in powers of 1/Nc leads to a much reduced
parameter set. For example the 1/Nc expansion leads to only four further pa-
rameters h
(1)
F , h
(1)
D , h
(2)
F and h
(3)
F describing the refined symmetry-conserving
two-body interaction vertices. This is to be compared with the ten parame-
ters established in Appendix B, which were found to be relevant at order Q3
if large Nc sum rules are not imposed. In our global fit we insist on the large
Nc sum rules
h
(1)
1 = 2 h
(1)
0 = 4 h
(1)
D /3 , h
(2)
1 = h
(2)
D = 0 , h
(3)
1 = h
(3)
D = 0 .
Note that at order Q3 there are no symmetry-breaking 2-body interaction ver-
tices. To that order the only symmetry-breaking effects result from the refined
3-point vertices. Here a particularly rich picture emerges. At order Q3 we es-
tablished 23 parameters describing symmetry-breaking effects in the 3-point
meson-baryon vertices. For instance, to that order the baryon-octet states may
couple to the pseudo-scalar mesons also via pseudo-scalar vertices rather than
only via the leading axial-vector vertices. Out of those 23 parameters 16 con-
tribute at the same time to matrix elements of the axial-vector current. Thus
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c1 -0.0707 c2 -0.0443 c3 0.0624 c4 0.0119 c5 -0.0434
c¯1 0.0754 c¯2 0.1533 δc1 0.0328 δc2 -0.0043 a -0.2099
Table 9
Chiral Q3-parameters, which break the SU(3) symmetry explicitly, resulting from
a fit to low-energy meson-baryon scattering data.
in order to control the symmetry breaking effects, it is mandatory to include
constraints from the weak decay widths of the baryon octet states also. A
detailed analysis of the 3-point vertices in the 1/Nc expansion of QCD reveals
that in fact only ten parameters c1,2,3,4,5, δc1,2 and c¯1,2 and a, rather than
the 23 parameters, are needed at leading order in that expansion. Since the
leading parameters FR, DR together with the symmetry-breaking parameters
ci describe at the same time the weak decay widths of the baryon octet and
decuplet ground states (see Tab. 1,10), the number of free parameters does
not increase significantly at the Q3 level if the large Nc limit is applied.
We conclude that the parameter reduction achieved in this work by insisting
on chiral and large Nc sum rules is significant. It is instructive to recall that
for instance the analysis by Kim [12], rather close in spirit to modern effective
field theories, required already 44 parameters in the strangeness minus one
sector only. As was pointed out in [83] that analysis, even though troubled
with severe shortcomings [84], was the only one so far which included s- and
p-waves and still reproduced the most relevant features of the subthreshold
K¯N amplitudes. We summarize that a combined chiral and large Nc analysis
leads to a scheme with a reasonably small number of parameters at the Q3
level.
5.2 Axial-vector coupling constants
The result of our global fit for the axial-vector coupling constants of the baryon
octet states are presented in Tab. 1. The six data points, which strongly con-
strain the parameters FR, DR and c1,2,3,4, are well reproduced. Note that the
recent measurement of the decay process Ξ0 → Σ+ e− ν¯e by the KTeV experi-
ment does not provide a further stringent constraint so far [85,86]. The axial-
vector coupling constant of that decay gA(Ξ
0 → Σ+ e− ν¯e) =
√
2 gA(Ξ
− →
Σ0 e− ν¯e) is related to the decay process Ξ− → Σ0 e− ν¯e included in Tab. 10 by
isospin symmetry. The value given in [86] is gA(Ξ
0 → Σ+ e− ν¯e) = 1.23± 0.44.
As emphasized in [86] it would be important to reduce the uncertainties
by more data taking. We confirm the result of [57] which favors values for
gA(Ξ
− → Σ0 e− ν¯e) and gA(Ξ− → Λ e− ν¯e) which are somewhat smaller than
the central values given in Tab. 1. This is a non-trivial result because in our
approach the parameters c1,2,3,4 are constrained not only by the weak decay
processes of the baryon octet states but also by the meson-baryon scattering
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gA (Exp.) χ-BS(3) SU(3)
n→ p e− ν¯e 1.267 ± 0.004 1.26 1.26
Σ− → Λ e− ν¯e 0.601 ± 0.015 0.58 0.65
Λ→ p e− ν¯e −0.889 ± 0.015 -0.92 -0.90
Σ− → n e− ν¯e 0.342 ± 0.015 0.33 0.32
Ξ− → Λ e− ν¯e 0.306 ± 0.061 0.19 0.25
Ξ− → Σ0 e− ν¯e 0.929 ± 0.112 0.79 0.89
Table 10
Axial-vector coupling constants for the weak decay processes of the baryon octet
states. The empirical values for gA are taken from [57]. Here we do not consider
small SU(3) symmetry-breaking effects of the vector current. The column labelled
by SU(3) shows the axial-vector coupling constants as they follow from FR = 0.47
and DR = 0.79 and ci = 0.
data.
5.3 Meson-baryon coupling constants
We turn to the meson-baryon coupling constants. To subleading order the
Goldstone bosons couple to the baryon octet states via axial-vector but also
via suppressed pseudo-scalar vertices (see (34)). In Tab. 11 we collect the
results for all the axial-vector meson-baryon coupling constants, A
(B)
ΦB , and
their respective pseudo-scalar parts P
(B)
ΦB . The SU(3) symmetric part of the
axial-vector vertices is characterized by parameters FA and DA
FA=FR − β√
3
(
2
3
δc1 + δc2 − a
)
= 0.270 ,
DA=DR − β√
3
δc1 = 0.726 , (146)
where β ≃ 1.12. To subleading order the parameters FA and DA differ from
the corresponding parameters FR = 0.418 and DR = 0.748 relevant for matrix
elements of the axial-vector current (see Tab. 1) by a sizeable amount. The
SU(3) symmetry-breaking effects in the axial-vector coupling constants A are
determined by the parameters ci, which are already tightly constrained by the
weak decay widths of the baryon octet states, δc1,2 and a. Similarly the four
parameters c¯1,2 and a characterize the pseudo-scalar meson-baryon 3-point
vertices. Their symmetric contributions are determined by FP and DP
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A
(N)
πN A
(N)
ηN A
(Λ)
K¯N
A
(Λ)
πΣ A
(Λ)
ηΛ A
(Λ)
KΞ A
(Σ)
K¯N
A
(Σ)
πΣ A
(Σ)
ηΣ A
(Σ)
KΞ A
(Ξ)
πΞ A
(Ξ)
ηΞ
χ-BS(3) 2.15 0.20 -1.29 1.41 -0.64 0.12 0.73 -1.02 1.09 1.24 -0.59 -0.32
SU(3) 1.73 0.05 -1.25 1.45 -0.84 -0.07 0.65 -0.76 0.84 1.41 -0.79 -0.89
P
(N)
πN P
(N)
ηN P
(Λ)
K¯N
P
(Λ)
πΣ P
(Λ)
ηΛ P
(Λ)
KΞ P
(Σ)
K¯N
P
(Σ)
πΣ P
(Σ)
ηΣ P
(Σ)
KΞ P
(Ξ)
πΞ P
(Ξ)
ηΞ
χ-BS(3) -0.01 0.16 0.04 -0.01 0.20 -0.07 -0.11 -0.00 -0.02 -0.09 0.01 0.13
Table 11
Axial-vector (A) and pseudo-scalar (P) meson-baryon coupling constants for the
baryon octet states. The row labelled by SU(3) gives results excluding SU(3)
symmetry-breaking effects with FA = 0.270 and DA = 0.726. The total strength of
the on-shell meson-baryon vertex is determined by G = A+ P .
FP = − β√
3
(
2
3
c¯1 + c¯2 + a
)
= 0.004 , DP = − β√
3
c¯1 = −0.049 . (147)
Note that in the on-shell coupling constants G = A+P the parameter a drops
out. In that sense that parameter should be viewed as representing an effec-
tive quasi-local 2-body interaction term, which breaks the SU(3) symmetry
explicitly.
We emphasize that our meson-baryon coupling constants are strongly con-
strained by the axial-vector coupling constants. In particular we reproduce a
sum rule derived first by Dashen and Weinstein [87]
G
(N)
πN −
√
3 gA(n→ p e− ν¯e) =− m
2
π√
6m2K
(
G
(Σ)
K¯N
− gA(Σ−→ n e− ν¯e)
)
− m
2
π√
2m2K
(
G
(Λ)
K¯N
− 2 gA(Λ→ p e− ν¯e)
)
. (148)
We observe that, given the expected range of values for gπNN , gK¯NΛ and
gK¯NΣ together with the empirical axial-vector coupling constants, the Dashen-
Weinstein relation strongly favors a small f parameter value close to fπ.
In Tab. 12 we confront our results with a representative selection of published
meson-baryon coupling constants. For the clarity of this comparison we recall
here the connection with our convention
gπNN =
mN√
3 f
G
(N)
πN , gK¯NΛ =
mN +mΛ√
8 f
G
(Λ)
K¯N , gπΛΣ =
mΛ +mΣ√
12 f
G
(Λ)
πΣ ,
gK¯NΣ =
mN +mΣ√
8 f
G
(Σ)
K¯N , gπΣΣ =
mΣ√
2 f
G
(Σ)
πΣ . (149)
Further values from previous analyses can be found in [3]. Note also the inter-
esting recent results within the QCD sum rule approach [92,93] and also [94].
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χ-BS(3) [88] [16,89,90] [18] [6] [91]
|gπNN | 12.9 13.0 13.5 13.1 - -
|gK¯NΛ| 10.1 13.5 14.0 10.1 13.2 16.1
|gπΣΛ| 10.4 11.9 9.3 6.4 - -
|gK¯NΣ| 5.2 4.1 2.7 2.4 6.4 3.5
|gπΣΣ| 9.6 11.8 10.8 0.7 - -
Table 12
On-shell meson-baryon coupling constants for the baryon octet states (see (149)).
We give the central values only because reliable error analyses are not available in
most cases.
We do not confront our values with those of [92,93] and [94] because the SU(3)
symmetry-breaking effects are not yet fully under control in these works. The
analysis [88] is based on nucleon-nucleon and hyperon-nucleon scattering data
where SU(3) symmetry breaking effects in the meson-baryon coupling con-
stants are parameterized according to the model of [95]. The values given in
[16,89,90] do not allow for SU(3) symmetry-breaking effects and moreover
rely on SU(6) quark-model relations. Particularly striking are the extreme
SU(3) symmetry-breaking effects claimed in [18]. The parameters result from
a K-matrix fit to the phase shifts of K−N scattering as given in [14]. We do
not confirm these results. Note also the recent analysis [96] which deduces the
value gπΛΣ = 12.9 ± 1.2 from hyperonic atom data, a value somewhat larger
than our result of 10.4. For the most recent and accurate pion-nucleon cou-
pling constant gπNN = 13.34± 0.09 we refer to [97]. We do not compete with
the high precision and elaborate analyses of this work.
In Tab. 13 we collect our results for the meson-baron coupling constants of
the decuplet states. Again we find only moderate SU(3) symmetry-breaking
effects in the coupling constants. This is demonstrated by comparing the two
rows of Tab. 13. The SU(3) symmetric part is determined by the parameter
CA
CA = CR − 2 β√
3
(
c¯1 + δc1
)
= 1.593 . (150)
We find that the coupling constants given in (13) should not be used in the
simple expressions (41) for the decuplet widths. For example with A
(∆)
πN ≃ 2.62
one would estimate Γ∆ ≃ 102 MeV not too close to the empirical value of
Γ∆ ≃ 120 MeV [39]. It will be demonstrated below, that nevertheless the
P33 phase shift of the pion-nucleon scattering process, which probes the ∆
resonance width, is reproduced accurately. This reflects an important energy
dependence in the decuplet self energy.
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A
(∆)
π N A
(∆)
K Σ A
(Σ)
K¯ N
A
(Σ)
πΣ A
(Σ)
πΛ A
(Σ)
ηΣ A
(Σ)
K Ξ A
(Ξ)
K¯ Λ
A
(Ξ)
K¯ Σ
A
(Ξ)
ηΞ A
(Ξ)
πΞ
χ-BS(3) 2.62 -2.03 1.54 -1.40 -1.64 1.55 -0.96 1.67 1.75 -1.29 -1.46
SU(3) 2.25 -2.25 1.30 -1.30 -1.59 1.59 -1.30 1.59 1.59 -1.59 -1.59
Table 13
Meson-baryon coupling constants for the baryon decuplet states. The row labelled
by SU(3) gives results obtained with CA = 1.593 excluding all symmetry-breaking
effects.
We summarize the main findings of this section. All established parameters
prove the SU(3) flavor symmetry to be an extremely useful and accurate
tool. Explicit symmetry breaking effects are quantitatively important but suf-
ficiently small to permit an evaluation within the χ-BS(3) approach. This
confirms a beautiful analysis by Hamilton and Oades [98] who strongly sup-
ported the SU(3) flavor symmetry by a discrepancy analysis of kaon-nucleon
scattering data.
5.4 Pion-nucleon scattering
We begin with a detailed account of the strangeness zero sector. For a review
of pion-nucleon scattering within the conventional meson-exchange picture we
refer to [99]. The various chiral approaches will be discussed more explicitly
below. Naively one may want to include the pion-nucleon threshold parameters
in a global SU(3) fit. In conventional chiral perturbation theory the latter are
evaluated perturbatively to subleading orders in the chiral expansion [29,71].
The small pion mass justifies the perturbative treatment. Explicit expressions
for the threshold parameters are given in Appendix H and confirm the results
[29]. Unfortunately there is no unique set of threshold parameters available.
This is due to difficulties in extrapolating the empirical data set down to
threshold, subtle electromagnetic effects and also some inconsistencies in the
data set itself [100]. A collection of mutually contradicting threshold parame-
ters is collected in Tab. 8. In order to obtain an estimate of systematic errors
in the various analyses we confront the threshold values with the chiral sum
rules:
4 π
(
1 +
mπ
mN
)
a
(πN)
[S−]
=
mπ
2 f 2
+O
(
Q3
)
,
4 π
(
1 +
mπ
mN
)
b
(πN)
[S−]
=
1
4 f 2mπ
− 2 g
2
A + 1
4 f 2mN
+
C2
18 f 2
mπ
mN (µ∆ +mπ)
+O (Q)
4 π
(
1 +
mπ
mN
)(
a
(πN)
[P13]
− a(πN)[P31]
)
=
1
4 f 2mN
+O (Q) ,
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4 π
(
1 +
mπ
mN
)
a
(πN)
SF = −
3 g2A
2 f 2mπ
(
1 +
mπ
mN
)
−2
3
C2
f 2
mπmN
m∆ (µ2∆ −m2π)
+O (Q) , (151)
where µ∆ = m∆−mN . We confirm the result of [29] that the spin-flip scattering
volume a
(πN)
SF = a
(πN)
[P11]
+ 2 a
(πN)
[P31]
− a(πN)[P13] − 2 a
(πN)
[P33]
and the combination a
(πN)
[P13]
−
a
(πN)
[P31]
in (151) are independent of the quasi-local 4-point interaction strengths
at leading order. Confronting the analyses in Tab. 14 with the chiral sum rules
quickly reveals that only the EM98 analysis [102] appears consistent with the
sum rules within 20 %. The analysis [100] and [103] badly contradict the chiral
sum rules (151), valid at leading chiral orders, and therefore would require
unnaturally large correction terms, possibly discrediting the convergence of
the chiral expansion in the pion-nucleon sector. The KA86 analysis [101] is
consistent with the two p-wave sum rules but appears inconsistent with the
s-wave range parameter b[S−]. The recent π
− hydrogen atom experiment [104]
gives rather precise values for the π−-proton scattering lengths
aπ−p→π−p = a
(πN)
S−
+ a
(πN)
S+
= (0.124± 0.001) fm ,
aπ−p→π0n = −
√
2 a
(πN)
S− = (−0.180± 0.008) fm . (152)
These values are in conflict with the s-wave scattering lengths of the EM98
analysis. For a comprehensive discussion of further constraints from the pion-
deuteron scattering lengths as derived from recent pionic atom data we refer
to [97]. All together the emerging picture is complicated and inconclusive at
present. Related arguments are presented by Fettes and Meißner in their work
[71] which considers low-energy pion-nucleon phase shifts at chiral order Q4.
The resolution of this mystery may be found in the most recent work of Fettes
and Meißner [105] where they consider the electromagnetic correction terms
within the χPT scheme to order Q3.
We turn to another important aspect to be discussed. Even though the EM98
analysis is rather consistent with the chiral sum rules (151), does it imply
background terms of natural size? This can be addressed by considering a
further combination of p-wave scattering volumes
4 π
(
1 +
mπ
mN
)(
a
(πN)
[P11]
− 4 a(πN)[P31]
)
=
3
2 f 2mN
+B +O (Q) ,
B = − 5
12f 2
(
2 g˜
(S)
0 + g˜
(S)
D + g˜
(S)
F
)
− 1
3f 2
(
g˜
(T )
D + g˜
(T )
F
)
, (153)
where we absorbed the Z-dependence into the tilde couplings for simplicity (see
(H.7)). The naturalness assumption would lead to B ∼ 1/(f 2mρ), a typical
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χ-BS(3) KA86[101] EM98[102] SP98[103] GMORW[100]
a
(πN)
[S−]
[fm] 0.124 0.130 0.109± 0.001 0.125± 0.001 0.116± 0.004
a
(πN)
[S+]
[fm] -0.014 -0.012 0.006± 0.001 0.000± 0.001 0.005± 0.006
b
(πN)
[S−]
[m−3π ] -0.007 0.008 0.016 0.001± 0.001 -0.009± 0.012
b
(πN)
[S+]
[m−3π ] -0.028 -0.044 -0.045 -0.048± 0.001 -0.050± 0.016
a
(πN)
[P11]
[m−3π ] -0.083 -0.078 -0.078± 0.003 -0.073± 0.004 -0.098± 0.005
a
(πN)
[P31]
[m−3π ] -0.045 -0.044 -0.043± 0.002 -0.043± 0.002 -0.046± 0.004
a
(πN)
[P13]
[m−3π ] -0.038 -0.030 -0.033± 0.003 -0.013± 0.004 0.000± 0.004
a
(πN)
[P33]
[m−3π ] 0.198 0.214 0.214± 0.002 0.211± 0.002 0.203 ± 0.002
Table 14
Pion-nucleon threshold parameters. The reader not familiar with the common defi-
nition of the various threshold parameters is referred to Appendix H.
size which is compatible with the background term B ≃ 0.92m−3π of the EM98
solution.
In order to avoid the ambiguities of the threshold parameters we decided to
include the single energy pion-nucleon phase shifts of [103] in our global fit.
The phase shifts are evaluated in the χ-BS(3) approach including all channels
suggested by the SU(3) flavor symmetry. The single energy phase shifts are
fitted up to
√
s ≃ 1200 MeV. In Fig. 2 we confront the result of our fit with
the empirical phase shifts. All s- and p-wave phase shifts are well reproduced
up to
√
s ≃ 1300 MeV with the exception of the S11 phase for which our result
agrees with the partial-wave analysis less accurately. We emphasize that one
should not expect quantitative agreement for
√
s > mN + 2mπ ≃ 1215 MeV
where the inelastic pion production process, not included in this work, starts.
The missing higher order range terms in the S11 phase are expected to be
induced by additional inelastic channels or by the nucleon resonances N(1520)
and N(1650). We confirm the findings of [19,106] that the coupled SU(3)
channels, if truncated at the Weinberg-Tomozawa level, predict considerable
strength in the S11 channel around
√
s ≃ 1500 MeV where the phase shift
shows a resonance-like structure. Note, however that it is expected that the
nucleon resonances N(1520) and N(1650) couple strongly to each other [107]
and therefore one should not expect a quantitative description of the S11 phase
too far away from threshold. Similarly we observe considerable strength in the
P11 channel leading to a resonance-like structure around
√
s ≃ 1500 MeV.
We interpret this phenomenon as a precursor effect of the p-wave N(1440)
resonance. We stress that our approach differs significantly from the recent
work [106] in which the coupled SU(3) channels are applied to pion induced
η and kaon production which require much larger energies
√
s ≃ mη +mN ≃
1486 MeV or
√
s ≃ mK+mΣ ≃ 1695 MeV. We believe that such high energies
can be accessed reliably only by including more inelastic channels. It may be
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Fig. 2. S- and p-wave pion-nucleon phase shifts. The single energy phase shifts are
taken from [80].
worth mentioning that the inclusion of the inelastic channels as required by
the SU(3) symmetry leaves the πN phase shifts basically unchanged for
√
s <
1200 MeV. Our discussion of the pion-nucleon sector is closed by returning to
the threshold parameters. In Tab. 14 our extracted threshold parameters are
presented in the second row. We conclude that all threshold parameters are
within the range suggested by the various analyses.
5.5 K+-nucleon scattering
We turn to the strangeness plus one channel. Since it is impossible to give
here a comprehensive discussion of the many works dealing with kaon-nucleon
scattering we refer to the review article by Dover and Walker [2] which is still
up-to-date in many respects. The data situation can be summarized as follows:
there exist precise low-energy differential cross sections for K+p scattering
but no scattering data for the K+-deuteron scattering process at low energies.
Thus all low-energy results in the isospin zero channel necessarily follow from
model-dependent extrapolations. We include the available differential cross
section in our global fit. They are nicely reproduced as shown in Fig. 3. We
include Coulomb interactions which are sizeable in the forward direction with
cos θ > 0.
It is instructive to consider the threshold amplitudes in detail. In the χ-BS(3)
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Fig. 3. Differential cross section of K+-proton scattering. The data points are taken
from [108]. The solid lines give the result of the χ-BS(3) analysis including Coulomb
effects. The dashed lines follow for switched off Coulomb interaction.
approach the threshold parameters are determined by the threshold values of
the effective interaction kernel V
(±)
KN (mN +mK ;n) and the partial-wave loop
function J
(±)
KN(mN+mK ;n) (see (101,141)). Since all loop functions vanish at
threshold but the one for the s-wave channel, all p-wave scattering volumes
remain unchanged by the unitarization and are directly given by the threshold
values of the appropriate effective interaction kernel VKN . The explicit expres-
sions for the scattering volumes to leading order can be found in Appendix
H. In contrast the s-wave scattering lengths are renormalized strongly by the
loop function J
(+)
KN(mN+mK ; 0) 6= 0. At leading order the s-wave scattering
lengths are
4 π
(
1 +
mK
mN
)
a
(KN)
S21 =−mK
(
f 2 +
m2K
8 π
(
1− 1
π
ln
m2K
m2N
))−1
,
4 π
(
1 +
mK
mN
)
a
(KN)
S01
=0 , (154)
which lead to a
(KN)
S21
≃ −0.22 fm and a(KN)S01 = 0 fm, close to our final values to
subleading orders given in Tab. 15. In Tab. 15 we collected typical results for
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a
(KN)
S01
[fm] a
(KN)
S21
[fm] a
(KN)
P01
[m−3π ] a
(KN)
P21
[m−3π ] a
(KN)
P03
[m−3π ] a
(KN)
P23
[m−3π ]
χ-BS(3) 0.06 -0.30 0.033 -0.017 -0.003 0.012
[109] 0.0 -0.33 0.028 -0.056 -0.046 0.025
[110] -0.04 -0.32 0.030 -0.011 -0.007 0.007
Table 15
K+-nucleon threshold parameters. The values of the χ-BS(3) analysis are given in
the first row. The last two rows recall the threshold parameters as given in [109]
and [110].
the p-wave scattering volumes also. The large differences in the isospin zero
channel reflect the fact that this channel is not constrained by scattering data
directly [2]. We find that some of our p-wave scattering volumes, also shown in
Tab. 15, differ significantly from the values obtained by previous analyses. Such
discrepancies may be explained in part by important cancellation mechanisms
among the u-channel baryon octet and decuplet contributions (see Appendix
H). An accurate description of the scattering volumes requires a precise input
for the meson-baryon 3-point vertices. Since the χ-BS(3) approach describes
the 3-point vertices in accordance with all chiral constraints and large Nc sum
rules of QCD we believe our values for the scattering volumes to be rather
reliable.
In Fig. 4 we confront our s- and p-wave K+-nucleon phase shifts with the
most recent analyses by Hyslop et al. [109] and Hashimoto [79]. We find that
our partial-wave phase shifts are reasonably close to the single energy phase
shifts of [109] and [79] except the P03 phase for which we obtain much smaller
strength. Note however, that at higher energies we smoothly reach the sin-
gle energy phase shifts of Hashimoto [79]. A possible ambiguity in that phase
shift is already suggested by the conflicting scattering volumes found in that
channel by earlier works (see Tab. 15). The isospin one channel, on the other
hand, seems well-established even though the data set does not include polar-
ization measurements close to threshold, which are needed to unambiguously
determine the p-wave scattering volumes.
5.6 K−-nucleon scattering
We now turn to our results in the strangeness minus one sector. The antikaon-
nucleon scattering process shows a large variety of intriguing phenomena. In-
elastic channels are already open at threshold leading to a rich coupled-channel
dynamics. Also the K¯N state couples to many of the observed hyperon res-
onances for which competing dynamical scenarios are conceivable. We fit di-
rectly the available data set rather than any partial wave analysis. Comparing
for instance the energy dependent analyses [14] and [111] one finds large un-
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Fig. 4. S- and p-wave K+-nucleon phase shifts. The solid lines represent the results
of the χ-BS(3) approach. The open circles are from the Hyslop analysis [109] and
the open triangles from the Hashimoto analysis [79].
certainties in the s- and p-waves in particular at low energies. This reflects on
the one hand a model dependence of the analysis and on the other hand an
insufficient data set. A partial wave analysis of elastic and inelastic antikaon-
nucleon scattering data without further constraints from theory is inconclusive
at present [2,112]. For a detailed overview of former theoretical analyses, we
refer to the review article by Dover and Walker [2].
As motivated above we include the d-wave baryon resonance nonet field. An
update of the analysis [38] leads to the estimates F[9] ≃ 1.8, D[9] ≃ 0.84 and
C[9] ≃ 2.5 for the resonance parameters. The singlet-octet mixing angle ϑ ≃
28◦ confirms the finding of [37], that the Λ(1520) resonance is predominantly
a flavor singlet state. By analogy with the expressions for the decuplet decay
widths (41) of section 2 we apply the simple expressions
ΓN(1520) =
EN −mN
16 π f 2
p3πN
mN(1520)
(
F[9] +D[9]
)2
+
EN −mN
16 π f 2
p3ηN
mN(1520)
(
F[9] − 1√3 D[9]
)2
,
ΓΣ(1680) =
EN −mN
24 π f 2
p3K¯N
mΣ(1680)
(
F[9] −D[9]
)2
+
EΣ −mΣ
6 π f 2
p3πΣ
mΣ(1680)
F 2[9]
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+
EΛ −mΛ
36 π f 2
p3πΛ
mΣ(1680)
D2[9] ,
ΓΞ(1820) =
EΛ −mΛ
16 π f 2
p3K¯Λ
mΞ(1820)
(
F[9] − 1√3 D[9]
)2
+
EΣ −mΣ
16 π f 2
p3K¯Σ
mΞ(1820)
(
F[9] +D[9]
)2
+
EΞ −mΞ
16 π f 2
p3πΞ
mΞ(1820)
(
F[9] −D[9]
)2
, (155)
where for example EN =
√
m2N + p
2
πN with the relative momentum pπN defined
in the rest frame of the resonance. Our values for F[9] and D[9] describe the
decay widths and branching ratios of the Σ(1670) and Ξ(1820) reasonably
well within their large empirical uncertainties. Note that we put less emphasis
on the properties of the N(1520) resonance since that resonance is strongly
influenced by the π∆µ channel not considered here. In our global fit we take
F[9] and D[9] fixed as given above but fine-tune the mixing angle ϑ = 27.74
◦
and C[9] = 2.509. To account for further small inelastic three-body channels
we assign the ’bare’ Λ(1520) resonance an energy independent decay width of
Γ
(3−body)
Λ(1520) ≃ 1.4 MeV. The total cross sections are included in the fit for plab. <
500 MeV. For the bare masses of the d-wave resonances we use the values
mΛ(1520) ≃ 1528.2 MeV, mΛ(1690) ≃ 1705.3 MeV and mΣ(1680) ≃ 1690.7 MeV.
In Fig. 5 we present the result of our fit for the elastic and inelastic K−p
cross sections. The data set is nicely reproduced including the rather precise
data points for laboratory momenta 250 MeV< plab < 500 MeV. In Fig. 5
the s-wave contribution to the total cross section is shown with a dashed
line. Important p-wave contributions are found at low energies only in the
Λπ0 production cross section. Note that the Λπ0 channel carries isospin one
and therefore provides valuable constraints on the poorly known K−-neutron
interaction. The deviation of our result from the empirical cross sections above
plab ≃ 500 MeV in some channels may be due in part to the fact that we do
not consider the p-wave Λ(1600) and Σ(1660) resonances quantitatively in
this work. As will be demonstrated below when presenting the partial-wave
amplitudes, there is, however, a strong tendency that those resonances are
generated in the χ-BS(3) scheme. We checked that, by giving up some of the
large Nc sum rules and thereby increasing the number of free parameters we
can easily obtain a fit with much improved quality beyond plab = 500 MeV.
We refrained from presenting those results because it is not clear that this
procedure leads to the correct partial wave interpretation of the total cross
sections. Note that the inelastic channel K−p → Λππ, not included in this
work, is no longer negligible at a quantitative level for plab > 300 MeV [113].
In Fig. 6 we confront our result with a selection of differential cross sections
from elastic K−-proton scattering [116]. The angular distribution patterns are
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only. We fitted the data points given by open circles [11,13,114–118]. Further data
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consistent with weak p-wave interactions. The almost linear slope in cos θ
reflects the interference of the p-wave contribution with a strong s-wave.
Coulomb effects are small in these channels. The differential cross sections
provide valuable constraints on the p-wave interaction strengths.
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Further important information on the p-wave dynamics is provided by an-
gular distributions for the inelastic K−p reactions. The available data are
represented in terms of coefficients An and Bn characterizing the differential
cross section dσ(cos θ,
√
s ) and the polarization P (cos θ,
√
s ) as functions of
the center of mass scattering angle θ and the total energy
√
s:
dσ(
√
s, cos θ)
d cos θ
=
∞∑
n=0
An(
√
s )Pn(cos θ) ,
dσ(
√
s, cos θ)
d cos θ
P (
√
s, cos θ)=
∞∑
n=1
Bl(
√
s )P 1n(cos θ) . (156)
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Fig. 7. Coefficients A1 and A2 for the K
−p→ π0Λ, K−p→ π∓Σ± and K−p→ π0Σ
differential cross sections. The data are taken from [11,117]. The solid lines are the
result of the χ-BS(3) approach with inclusion of the d-wave resonances. The dashed
lines show the effect of switching off d-wave contributions.
In Fig. 7 we compare the empirical ratios A1/A0 and A2/A0 with the results of
the χ-BS(3) approach. Note that for plab < 300 MeV the empirical ratios with
n ≥ 3 are compatible with zero within their given errors. A large A1/A0 ratio
is found only in the K−p→ π0Λ channel demonstrating again the importance
of p-wave effects in the isospin one channel. The dashed lines of Fig. 7, which
are obtained when switching off d-wave contributions, confirm the importance
of this resonance for the angular distributions in the isospin zero channel. The
fact that the Λ(1520) resonance appears more important in the differential
cross sections than in the total cross sections follows simply because the tail
of the resonance is enhanced if probed via an interference term. In the differ-
ential cross section the Λ(1520) propagator enters linearly whereas the total
cross section probes the squared propagator only. Note also the sizeable p-
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Fig. 8. Coefficients B1 and B2 for the K
−p→ π∓Σ±, K−p→ π0Σ and K−p→ π0Λ
differential cross sections. The data are taken from [11,117]. The solid lines are the
result of the χ-BS(3) approach with inclusion of the d-wave resonances. The dashed
lines show the effect of switching off d-wave contributions.
wave contributions at somewhat larger momenta seen in the charge-exchange
reaction of Fig. 7 and also in Fig. 5.
The constraint from the ratios B1/A0 and B2/A0, presented in Fig. 8, is weak
due to rather large empirical errors. New polarization data, possibly with
polarized hydrogen targets, would be highly desirable.
We turn to the threshold characteristics of the K−p reaction which is con-
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aK−p [fm] aK−n [fm] γ Rc Rn
Exp. -0.78±0.18 - 2.36± 0.04 0.664±0.011 0.189±0.015
+i (0.49±0.37)
χ-BS(3) -1.09+i 0.82 0.29+i 0.54 2.42 0.65 0.19
SU(2) -0.79+i 0.95 0.30+i 0.49 4.58 0.63 0.32
a
(K¯N)
P01
[m−3π ] a
(K¯N)
P03
[m−3π ] a
(K¯N)
P21
[m−3π ] a
(K¯N)
P23
[m−3π ]
χ-BS(3) 0.025+i 0.001 0.002+i 0.001 -0.004+i 0.001 -0.055+i 0.021
Table 16
K−-nucleon threshold parameters. The row labelled by SU(2) gives the results in
the isospin limit with mK− = mK¯0 = 493.7 MeV and mp = mn = 938.9 MeV.
strained by experimental data for the threshold branching ratios γ, Rc and Rn
where
γ=
σ(K− p→ π+ Σ−)
σ(K− p→ π− Σ+) , Rc =
σ(K− p→ charged particles )
σ(K− p→ all) ,
Rn=
σ(K− p→ π0 Λ)
σ(K− p→ all neutral channels) . (157)
A further important piece of information is provided by the recent measure-
ment of the K− hydrogen atom state which leads to a value for the K−p
scattering length [5]. In Tab. 16 we confront the empirical numbers with our
analysis. All threshold parameters are well described within the χ-BS(3) ap-
proach. We confirm the result of [19,20] that the branching ratios are rather
sensitive to isospin breaking effects. However, note that it is sufficient to in-
clude isospin breaking effects only in the K¯N channel to good accuracy. The
empirical branching ratios are taken from [10]. The real part of our K−n scat-
tering length with ℜ aK−n→K−n ≃ 0.29 fm turns out considerably smaller than
the value of 0.53 fm found in the recent analysis [20]. In Tab. 16 we present
also our results for the p-wave scattering volumes. Here isospin breaking ef-
fects are negligible. All scattering volumes but the one in the P23 channel
are found to be small. The not too small and repulsive scattering volume
aP23 ≃ (−0.16 + i 0.06) fm3 reflects the presence of the Σ(1385) resonance
just below the K¯N threshold. The precise values of the threshold parameters
are of crucial importance when describing K−-atom data which constitute a
rather sensitive test of the in-medium dynamics of antikaons. In particular one
expects a strong sensitivity of the level shifts to the s-wave scattering lengths.
In Fig. 9 we show the Λ(1405) and Σ(1385) spectral functions measured in
the reactions K−p→ Σ+π−π+π− [120] and K−p→ Λπ+π− [121] respectively.
We did not include the Λ(1405) spectrum of [120] in our global fit. Since
the Λ(1405)-spectrum shows a strong energy dependence, incompatible with
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Fig. 9. Λ(1405) and Σ(1385) resonance mass distributions in arbitrary units.
a Breit-Wigner resonance shape, the spectral form depends rather strongly
on the initial and final states through which it is measured. The empirical
spectrum of [120] describes the reaction Σ+(1600) π− → Λ(1405) → Σ+ π−
rather than the reactions Σ± π∓ → Λ(1405)→ Σ+ π− accessible in our present
scheme. In Fig. 6 the spectral form of the Λ(1405) resulting from two different
initial states Σ± π∓ are confronted with the empirical spectrum of [120]. While
the spectrum defined with respect to the initial state Σ+ π− represents the
empirical spectrum reasonably well the other choice of initial state Σ+ π−
leads to a significantly altered spectral form. We therefore conclude that in a
scheme not including the Σ(1600)π state explicitly it is not justified to use the
Λ(1405) spectrum of [120] as a quantitative constraint for the kaon-nucleon
dynamics.
We turn to the mass spectrum of the decuplet Σ(1385) state. The spectral
form, to good accuracy of Breit-Wigner form, is reproduced reasonably well.
Our result for the ratio of Σ(1385) → πΛ over Σ(1385) → πΣ of about 17%
compares well with the most recent empirical determination. In [122] that
branching ratio was extracted from the K−p → Σ(1385)K K¯ reaction and
found to be 20± 6%. Note that we obtained our ratio from the two reaction
amplitudes πΛ → πΛ and πΛ → πΣ evaluated at the Σ(1385) pole. The
schematic expression (41) would give a smaller value of about 15%. Finally
we mention that the value for our Ξ(1530) total width of 10.8 MeV comfortably
meets the empirical value of 9.9+1.7−1.9 MeV given in [39].
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5.7 Analyticity and crossing symmetry
It is important to investigate to what extent our multi-channel scattering am-
plitudes are consistent with the expectations from analyticity and crossing
symmetry. As discussed in detail in section 4.3 the crossing symmetry con-
straints should not be considered in terms of partial-wave amplitudes, but
rather in terms of the forward scattering amplitudes only. We expect cross-
ing symmetry to be particularly important in the strangeness sector, because
that sector has a large subthreshold region not directly accessible and con-
strained by data. In the following we reconstruct the forward K¯N and KN
scattering amplitudes in terms of their imaginary parts by means of disper-
sion integrals. We then confront the reconstructed scattering amplitudes with
the original ones. It is non-trivial that those amplitudes match even though
our loop functions and effective interaction kernels are analytic functions. One
can not exclude that the coupled channel dynamics generates unphysical sin-
gularities off the real axis which would then spoil the representation of the
scattering amplitudes in terms of dispersion integrals. Note that within ef-
fective field theory unphysical singularities are acceptable, however, only far
outside the applicability domain of the approach.
Our analysis is analogous to that of Martin [6]. However, we consider the dis-
persion integral as a consistency check of our theory rather than as a predictive
tool to derive the low-energy kaon-nucleon scattering amplitudes in terms of
the more accurate scattering data at Elab > 300 MeV [123]. This way we
avoid any subtle assumptions on the number of required subtractions in the
dispersion integral. Obviously the dispersion integral, if evaluated for small
energies, must be dominated by the low-energy total cross sections which are
not known empirically too well. We write a subtracted dispersion integral
T
(0)
K¯N
(s) =
f 2KNΛ
s−m2Λ
+
n∑
k=1
c
(0,k)
K¯N
(s− s0)k +
∞∫
(mΣ+mpi)2
d s′
π
(s− s0)n
(s′ − s0)n
ℑT (0)
K¯N
(s′)
s′ − s− i ǫ ,
T
(1)
K¯N
(s) =
f 2KNΣ
s−m2Σ
+
n∑
k=1
c
(1,k)
K¯N
(s− s0)k +
∞∫
(mΛ+mpi)2
d s′
π
(s− s0)n
(s′ − s0)n
ℑT (1)
K¯N
(s′)
s′ − s− i ǫ ,
fKNY =
√
m2K − (mY −mN)2
2mN
mN +mY
2 f
G
(Y )
K¯N
, (158)
where we identify s0 = Λ
2
opt. = m
2
N +m
2
K with the optimal matching point of
(142). We recall that the kaon-hyperon coupling constants G
(Y )
K¯N
= A
(Y )
K¯N
+P
(Y )
K¯N
with Y = Λ,Σ receive contributions from pseudo-vector and pseudo-scalar
vertices as specified in Tab. 11. The values fKNΛ ≃ −12.8m1/2π+ and fKNΣ ≃
6.1m
1/2
π+ follow.
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The forward scattering amplitude TK¯N (s) reconstructed in terms of the partial-
wave amplitudes f
(L)
K¯N,J
(
√
s ) of (89) reads
TK¯N(s)= 4 π
√
s
mN
∞∑
n=0
(
n+ 1
) (
f
(n)
K¯N,n+
1
2
(
√
s ) + f
(n+1)
K¯N,n+
1
2
(
√
s )
)
. (159)
The subtraction coefficients c
(I,k)
K¯N
are adjusted to reproduce the scattering
amplitudes close to the kaon-nucleon threshold. One must perform a sufficient
number of subtractions so that the dispersion integral in (158) is dominated
by energies still within the applicability range of our theory. With n = 4 in
(158) we indeed find that we are insensitive to the scattering amplitudes for√
s > 1600 MeV to good accuracy. Similarly we write a subtracted dispersion
integral for the amplitudes T
(I)
KN(s) of the strangeness plus one sector
T
(0)
KN(s)=−
1
2
f 2KNΛ
2 s0 − s−m2Λ
+
3
2
f 2KNΣ
2 s0 − s−m2Σ
+
n∑
k=1
c
(0,k)
KN (s− s0)k +
∞∫
(mN+mK)2
d s′
π
(s− s0)n
(s′ − s0)n
ℑT (0)KN(s′)
s′ − s− i ǫ ,
T
(1)
KN(s)=
1
2
f 2KNΛ
2 s0 − s−m2Λ
+
1
2
f 2KNΣ
2 s0 − s−m2Σ
+
n∑
k=1
c
(1,k)
KN (s− s0)k +
∞∫
(mN+mK)2
d s′
π
(s− s0)n
(s′ − s0)n
ℑT (1)KN(s′)
s′ − s− i ǫ . (160)
The subtraction coefficients c
(I,k)
KN are adjusted to reproduce the scattering
amplitudes close to the kaon-nucleon threshold. The choice n = 4 leads to a
sufficient emphasis of the low-energy KN -amplitudes.
In Fig. 10 we compare the real part of the pole-subtracted amplitudes ∆T
(I)
K¯N
(s)
and ∆T
(I)
KN(s) with the corresponding amplitudes reconstructed via the dis-
persion integral (158)
∆T
(I)
K¯N
(s)= T
(I)
K¯N
(s)− f
2
KNY
s−m2H
−
(
A
(Y )
K¯N
)2 2m2N +m2K − s−m2H
8 f 2mN
+
(
P
(Y )
K¯N
)2 (mN +mH)2
8 f 2mN
+ P
(Y )
K¯N
A
(Y )
K¯N
m2H −m2N
4 f 2mN
, (161)
with Y = Λ for I = 0 and Y = Σ for I = 1. Whereas it is straightforward
to subtract the complete hyperon pole contribution in the K¯N amplitudes
(see (161)), it is less immediate how to do so for the KN amplitudes. Since
we do not consider all partial wave contributions in the latter amplitudes the
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Fig. 10. Causality check of the pole-subtracted kaon-nucleon scattering amplitudes
f2∆T
(I)
KN and f
2∆T
(I)
K¯N
. The full lines represent the real part of the forward scat-
tering amplitudes. The dotted lines give the amplitudes as obtained from their
imaginary parts (dashed lines) in terms of the dispersion integrals (158) and (160).
The dashed-dotted lines give the s-wave contribution to the real part of the forward
scattering amplitudes only.
u-channel pole must be subtracted in its approximated form as given in (134).
The reconstructed amplitudes agree rather well with the original amplitudes.
For
√
s > 1200 MeV the solid and dotted lines in Fig. 10 can hardly be
discriminated. This demonstrates that our amplitudes are causal too good
accuracy. Note that the discrepancy for
√
s < 1200 MeV is a consequence of
the approximate treatment of the non-local u-channel exchanges which violates
analyticity at subthreshold energies to some extent (see (136)). With Fig. 10
we confirm that such effects are well controlled for
√
s > 1200 MeV. In any
case, close to
√
s ≃ 1200 MeV the complete forward scattering amplitudes are
largely dominated by the s- and u-channel hyperon pole contributions absent
in ∆T
(I)
K¯N
(s).
As can be seen from Fig. 10 also, we find sizeable p-wave contributions in the
pole-subtracted amplitudes at subthreshold energies. This follows from com-
paring the dashed-dotted lines, which give the s-wave contributions only, with
the solid lines which represent the complete real part of the pole-subtracted
forward scattering amplitudes. The p-wave contributions are typically much
larger below threshold than above threshold. The fact that this is not the case
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in the isospin zero KN amplitude reflects a subtle cancellation mechanism of
hyperon exchange contributions and quasi-local two-body interaction terms.
In the K¯N amplitudes the subthreshold effects of p-waves are most dramatic
in the isospin one channel. Here the amplitude is dominated by the Σ(1385)
resonance. Note that p-wave channels contribute with a positive imaginary
part for energies larger than the kaon-nucleon threshold but with a negative
imaginary part for subthreshold energies. A negative imaginary part of a sub-
threshold amplitude is consistent with the optical theorem which only relates
the imaginary part of the forward scattering amplitudes to the total cross sec-
tion for energies above threshold. Our analysis may shed some doubts on the
quantitative results of the analysis by Martin, which attempted to constrain
the forward scattering amplitude via a dispersion analysis [6]. An implicit
assumption of Martin’s analysis was, that the contribution to the dispersion
integral from the subthreshold region, which is not directly determined by
the data set, is dominated by s-wave dynamics. As was pointed out in [21]
strong subthreshold p-wave contributions should have an important effect for
the propagation properties of antikaons in dense nuclear matter.
We turn to the approximate crossing symmetry of our scattering amplitudes.
Crossing symmetry relates the subthreshold K¯N and KN scattering ampli-
tudes. As a consequence the exact amplitude T
(0)
K¯N(s) shows unitarity cuts not
only for
√
s > mΣ +mπ but also for
√
s < mN −mK representing the elastic
KN scattering process. Consider for example the isospin zero amplitude for
which one expects the following representation:
T
(0)
K¯N
(s)− T(0)
K¯N
(s0)=
f 2KNΛ
s−m2Λ
− f
2
KNΛ
s0 −m2Λ
+
(mN−mK)2∫
−∞
d s′
π
s− s0
s′ − s0
ℑT(0)
K¯N
(s′)
s′ − s− i ǫ
+
+∞∫
(mΣ+mpi)2
d s′
π
s− s0
s′ − s0
ℑT(0)
K¯N
(s′)
s′ − s− i ǫ , (162)
where we performed one subtraction to help the convergence of the dispersion
integral. Comparing the expressions for T
(0)
K¯N
(s) in (158) and T
(0)
K¯N
(s) in (162)
demonstrates that the contribution of the unitarity cut at
√
s < mN − mK
in (162) is effectively absorbed in the subtraction coefficients c
(I,k)
K¯N
of (158).
Similarly the subtraction coefficients c
(I,k)
KN in (160) represent the contribution
to T
(I)
KN(s) from the inelastic K¯N scattering process. Thus both model ampli-
tudes T
(I)
KN(s) and T
(I)
K¯N
(s) represent the exact amplitude T
(I)
K¯N
(s) within their
validity domains and therefore we expect approximate crossing symmetry
∆T
(0)
K¯N
(s) ≃ −1
2
∆T
(0)
KN(2 s0 − s) +
3
2
∆T
(1)
KN(2 s0 − s) ,
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Fig. 11. Approximate crossing symmetry of the pole subtracted kaon-nucleon for-
ward scattering amplitudes. The lines in the left hand parts of the figures result
from the KN amplitudes. The lines in the right hand side of the figures give the
K¯N amplitudes.
∆T
(1)
K¯N
(s) ≃ +1
2
∆T
(0)
KN(2 s0 − s) +
1
2
∆T
(1)
KN(2 s0 − s) , (163)
close to the optimal matching point s0 = m
2
N +m
2
K only. In Fig. 11 we con-
front the pole-subtracted ∆T
(I)
KN and ∆T
(I)
K¯N amplitudes with the expected
approximate crossing identities (163). Since the optimal matching point s0 =
m2N +m
2
K ≃ (1068)2 MeV2 is slightly below the respective validity range of
the original amplitudes, we use the reconstructed amplitudes of (158) and
(160) shown in Fig. 10. This is justified, because the reconstructed ampli-
tudes are based on the imaginary parts of the amplitude which have support
within the validity domain of our theory only. Fig. 11 indeed confirms that the
kaon-nucleon scattering amplitudes are approximatively crossing symmetric.
Close to the the point s ≃ m2N +m2K the KN and K¯N amplitudes match. We
therefore expect that our subthreshold kaon-nucleon scattering amplitudes are
determined rather reliably and well suited for an application to the nuclear
kaon dynamics.
5.8 Scattering amplitudes
We discuss now the s- and p-wave partial-wave amplitudes for the various
K¯N, πΣ and πΛ reactions. Since we are interested in part also in subthreshold
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Fig. 12. Real and imaginary parts of the s- and p-wave partial-wave amplitudes
f2M in the isospin zero channel. The labels (ab) refer to our channel convention of
(92) with (11): K¯N → K¯N , (12): K¯N → πΣ and (22): πΣ→ πΣ.
amplitudes we decided to present the invariant amplitudesM (±)(
√
s, n) rather
than the more common f
(l)
J (
√
s ) amplitudes. Whereas the latter amplitudes
lead to convenient expressions for the cross sections
σi→f(
√
s )= 4 π
p(f)cm
p
(i)
cm
∞∑
l=0
(
l |f (l)
J=l− 1
2
(
√
s )|2 + (l + 1) |f (l)
J=l+ 1
2
(
√
s )|2
)
,(164)
the former amplitudes M (±)(
√
s, n) provide a more detailed picture of the
higher partial-wave amplitudes, simply because the trivial phase-space factor
(p(f)cm p
(i)
cm)
l is taken out
f
(l)
J=l± 1
2
(
√
s )=
(p(f)cm p
(i)
cm)
J− 1
2
8 π
√
s
√
Ei ±mi
√
Ef ±mf M (±)(
√
s, J − 1
2
) .(165)
Here p(i,f)cm denote the relative momenta and Ei,f the baryon energies in the
center of mass frame. Also mi,f are the baryon masses of the initial and final
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Fig. 13. Real and imaginary parts of the s- and p-wave partial-wave amplitudes
f2M in the isospin one channel. The labels (ab) refer to our channel convention of
(92) with (11): K¯N → K¯N , (12): K¯N → πΣ and (13): K¯N → πΛ.
baryons.
In Fig. 12 and in Fig. 13 the isospin zero and isospin one amplitudes are
shown up to rather high energies
√
s = 2 GeV. We emphasize that we trust
our amplitudes quantitatively only up to
√
s ≃ 1.6 GeV. Beyond that energy
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one should consider our results as qualitative only. The amplitudes reflect
the presence of the s-wave Λ(1405) and p-wave Σ(1385) resonances. From
the relative height of the peak structures in the figures one can read off the
branching ratios of those resonances. For instance it is clearly seen from Fig. 12
that the Λ(1405) has a rather small coupling to the πΣ channel. It is gratifying
to find precursor effects for the p-wave Λ(1600) and Λ(1890) resonances in that
figure also. Note that the estimates for the widths of those resonances range
up to 200 MeV. Similarly Fig. 13 indicates attractive strength in the s- and p-
wave channel where one would expect the s-wave Σ(1750) and p-wave Σ(1660)
resonances.
It is a highly non-trivial but nevertheless expected result, that all resonances
but the p-wave baryon decuplet and the d-wave baryon nonet resonances were
generated dynamically by the chiral coupled channel dynamics once agreement
with the low-energy data set with plab. < 500 MeV was achieved. A more
accurate description of the latter resonances requires the extension of the
χ-BS(3) approach including more inelastic channels. These finding strongly
support the conjecture that all baryon resonances but the decuplet ground
states are a consequence of coupled-channels dynamics.
5.9 Predictions for cross sections
We close the result section by a presentation of total cross sections relevant
for transport model calculation of heavy-ion reactions. We believe that the χ-
BS(3) approach is particularly well suited to determine some cross sections not
directly accessible in scattering experiments. Typical examples would be the
πΣ→ πΣ, πΛ reactions. Here the quantitative realization of the chiral SU(3)
flavor symmetry including its important symmetry breaking effects are an
extremely useful constraint when deriving cross sections not accessible in the
laboratory directly. It is common to consider isospin averaged cross sections
[124,125]
σ¯(
√
s ) =
1
N
∑
I
(2 I + 1) σI(
√
s ) . (166)
The reaction dependent normalization factor is determined by N =
∑
(2 I+1)
where the sum extends over isospin channels which contribute in a given re-
action. In Fig. 14 we confront the cross sections of the channels K¯N, πΣ and
πΛ. The results in the first row repeat to some extent the presentation of Fig.
5 only that here we confront the cross sections with typical parameterizations
used in transport model calculations. The cross sections in the first column
are determined by detailed balance from those of the first row. Uncertain-
ties are present nevertheless, reflecting the large empirical uncertainties of the
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Fig. 14. Total cross sections K¯N → K¯N , K¯N → πΣ, K¯N → πΛ etc relevant
for subthreshold production of kaons in heavy-ion reactions. The solid and dashed
lines give the results of the χ-BS(3) approach with and without p- and d-wave
contributions respectively. The dotted lines correspond to the parameterizations
given in [125].
antikaon-nucleon cross sections close to threshold. The remaining four cross
sections in Fig. 14 are true predictions of the χ-BS(3) approach. Again we
should emphasize that we trust our results quantitatively only for
√
s < 1600
MeV. It is remarkable that nevertheless our cross sections agree with the pa-
rameterizations in [125] qualitatively up to much higher energies except in the
K¯N ↔ πΣ reactions where we overshoot those parameterizations somewhat.
Besides some significant deviations of our results from [124,125] at
√
s−√sth <
200 MeV, an energy range where we trust our results quantitatively, we find
most interesting the sizeable cross section of about 30 mb for the πΣ → πΣ
reaction. Note that here we include the isospin two contribution as part of
the isospin averaging. As demonstrated by the dotted line in Fig. 14, which
represent the χ-BS(3) approach with s-wave contributions only, the p- and
d-wave amplitudes are of considerable importance for the πΣ→ πΣ reaction.
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6 Summary and outlook
In this work we successfully used the relativistic chiral SU(3) Lagrangian to de-
scribe meson-baryon scattering. Within our χ-BS(3) approach we established
a unified description of pion-nucleon, kaon-nucleon and antikaon-nucleon scat-
tering describing a large amount of empirical scattering data including the ax-
ial vector coupling constants for the baryon octet ground states. We derived
the Bethe-Salpeter interaction kernel to chiral order Q3 and then computed
the scattering amplitudes by solving the Bethe-Salpeter equation. This leads
to results consistent with covariance and unitarity. Moreover we consider the
number of colors (Nc) in QCD as a large parameter performing a system-
atic 1/Nc expansion of the interaction kernel. This establishes a significant
reduction of the number of parameters. Our analysis provides the first reli-
ably estimates of previously poorly known s- and p-wave parameters. It is a
highly non-trivial and novel result that the strength of all quasi-local 2-body
interaction terms are consistent with the expectation from the large Nc sum
rules of QCD. Further intriguing results concern the meson-baryon coupling
constants. The chiral SU(3) flavor symmetry is found to be an extremely use-
ful and accurate tool. Explicit symmetry breaking effects are quantitatively
important but sufficiently small to permit an evaluation within chiral pertur-
bation theory. We established two essential ingredients in a successful applica-
tion of the chiral Lagrangian to the meson-baryon dynamics. First it is found
that the explicit s- and u-channel decuplet contributions are indispensable for
a good fit. Second, we find that it is crucial to employ the relativistic chiral
Lagrangian. It gives rise to well defined kinematical structures in the quasi-
local 4-point interaction terms which leads to a mixing of s-wave and p-wave
parameters. Only in the heavy-baryon mass limit, not applied in this work, the
parameters decouple into the s-wave and p-wave sector. In the course of devel-
oping our scheme we constructed a projector formalism which decouples in the
Bethe-Salpeter equation covariant partial wave amplitudes and also suggested
a minimal chiral subtraction scheme within dimensional regularization which
complies manifestly with the chiral counting rules. An important test of our
analysis could be provided by new data on kaon-nucleon scattering from the
DAΦNE facility [1]. In particular additional polarization data, possibly with
a polarized hydrogen or deuteron target, would be extremely useful.
We performed a consistency check of our forward scattering amplitudes by
confronting them with their dispersion-integral representations. Our analysis
shows that the scattering amplitudes are compatible with their expected ana-
lytic structure. Moreover we demonstrate that the kaon-nucleon and antikaon-
nucleon scattering amplitudes are approximatively crossing symmetric in the
sense that the KN and K¯N amplitudes match at subthreshold energies. Our
results for the K¯N amplitudes have interesting consequences for kaon propaga-
tion in dense nuclear matter as probed in heavy ion collisions [126]. According
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to the low-density theorem [127,128] an attractive in-medium kaon spectral
function probes the kaon-nucleon scattering amplitudes at subthreshold ener-
gies. The required amplitudes are well established in our work. In particular
we find sizeable contributions from p-waves not considered systematically so
far [129–131].
We expect our scattering amplitudes to lead to an improved description of
the spectral functions of antikaons in nuclear matter and pave the way for a
microscopic description of kaonic atom data. The latter are known to be a
rather sensitive test of the antikaon-nucleon dynamics [132].
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Appendices
A Isospin in SU(3)
The SU(3) meson and baryon octet fields Φ =
∑
Φi λi and the baryon octet
field B =
∑
Bi λi/
√
2 with the Gell-Mann matrices λi normalized by trλi λj =
2 δij are decomposed into their isospin symmetric components
Φ= τ · π + α† ·K +K† · α + η λ8 ,
B= 1√
2
(
τ · Σ+ α† ·N + Ξt i σ2 · α + λ8 Λ
)
,
α†= 1√
2
(λ4 + i λ5, λ6 + i λ7) , τ = (λ1, λ2, λ3) , (A.1)
with the isospin singlet fields η,Λ, the isospin doublet fields K = (K+, K0)t,
N = (p, n)t, Ξ = (Ξ0,Ξ−)t and the isospin triplet fields ~π = (π(1), π(2), π(3)),
~Σ = (Σ(1),Σ(2),Σ(3)). Similarly we derive the isospin decomposition of (∆¯µ ·Φ),
(Φ ·∆µ) and (∆¯µ ·∆ν) as defined in (10). The latter objects are expressed in
terms of the isospin singlet field Ω−, the isospin doublet fields Ξµ = (Ξ0µ,Ξ
−
µ )
t,
the isospin triplet field ~Σµ = (Σ
(1)
µ ,Σ
(2)
µ ,Σ
(3)
µ ) and the isospin 3/2 field ∆µ =
(∆++µ ,∆
+
µ ,∆
0
µ,∆
−
µ )
t. We find
(
∆¯µ · Φ
)a
b
=
((
∆¯µ S K
)
· τ −
(
∆¯µ S α
)
· π − 1√
6
K†
(
Σ¯µ · σ
)
α
+
1√
6
α†
(
Σ¯µ · σ
)
K +
1√
2
(
Σ¯µ · π
)
λ8 − 1√
2
(
Σ¯µ · τ
)
η
− i√
6
(
Σ¯µ × π
)
· τ + 1√
2
(
K† i σ2 Ξ¯
t
µ
)
λ8 − 1√
6
(
K† σ i σ2 Ξ¯
t
µ
)
· τ
+
1√
6
α†
(
σ · π
)
i σ2 Ξ¯
t
µ −
1√
2
(
α† i σ2 Ξ¯
t
µ
)
η
− Ω¯−µ
(
α† i σ2
(
K†
)t))a
b
,(
Φ ·∆µ
)a
b
=
((
K† S†∆µ
)
· τ −
(
α† S†∆µ
)
· π − 1√
6
α†
(
Σµ · σ
)
K
+
1√
6
K†
(
Σ · σ
)
α +
1√
2
(
Σµ · π
)
λ8 − 1√
2
(
Σ · τ
)
η
+
i√
6
(
Σµ × π
)
· τ − 1√
2
(
Ξtµ i σ2K
)
λ8 +
1√
6
(
Ξtµ i σ2 σK
)
· τ
− 1√
6
Ξt i σ2
(
σ · π
)
α +
1√
2
(
Ξtµ i σ2 α
)
η
+Ω−µ
(
Kt i σ2 α
))a
b
(A.2)
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and
(
∆¯µ ·∆ν
)a
b
=
(1
2
(∑
j
∆¯µ Sj σ S
†
j ∆ν
)
· τ + 1
6
∆¯µ ·∆ν
(
2 +
√
3 λ8
)
+
1
3
Σ¯µ · Σν + i
3
τ ·
(
Σ¯µ × Σν
)
+
1
6
Ξ¯µ Ξν
(
2−
√
3 λ8
)
+
1
6
(
Ξ¯µ σ Ξν
)
· τ
+
1
3
Ω¯−µ Ω
−
ν
(
1−
√
3λ8
)
+
1√
6
∆¯µ
(
S · Σν
)
α +
1√
6
α†
(
Σ¯µ · S†
)
∆ν
− 1
3
Σ¯µ ·
(
Ξtν i σ2 σ α
)
+
1
3
(
α† σ i σ2 Ξ¯
t
µ
)
· Σν
+
1√
6
Ω¯−µ
(
α† Ξν
)
+
1√
6
(
Ξ¯µ α
)
Ω−ν
)a
b
. (A.3)
The isospin transition matrices Si are normalized by S
†
i Sj = δij − σi σj/3.
Note that the isospin Pauli matrices σi act exclusively in the space of isospin
doublet fieldsK,N,Ξ,Ξµ and the matrix valued isospin doublet α. Expressions
analogous to (A.2) hold for (∆¯µ · B) and (B¯ ·∆µ).
The isospin reduction of the SU(3) symmetric interaction terms is most con-
veniently derived applying the set of identities
τ · α†=α† · σ , α† · τ = 0 , α · τ = σ · α , τ · α = 0 ,
τ λ8= λ8 τ , tr (τi τj) = 2 δij , tr (αi α
†
j) = 2 δij , (A.4)
where the SU(2) Pauli matrices ~σ act exclusively on the isospin doublet fields.
For example (~σ · α)a =
∑
b ~σab αb. The algebra (A.4) is completed with
[
α, α†
]
−=−τ · σ −
√
3 λ8 , α · α = 0 ,[
α , α†
]
+
= 4
3
1− 1√
3
λ8 + τ · σ , α† · α† = 0 ,[
τi , τj
]
−=2 i ǫijk τk ,
[
τi , τj
]
+
=
(
2√
3
λ8 +
4
3
1
)
δij ,[
λ8 , α
†]
−=
√
3α† ,
[
λ8 , α
†
]
+
= − 1√
3
α† ,
[
λ8 , λ8
]
+
= 4
3
1− 2√
3
λ8 ,[
λ8 , α
]
−=−
√
3α ,
[
λ8 , α
]
+
= − 1√
3
α ,
[
λ8 , τ
]
+
= 2√
3
τ (A.5)
where [A,B]± = AB ± BA. By means of (A.4, A.5) it is straightforward
to derive the isospin structure of the chiral interaction terms. Note a typical
intermediate result
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[
Φ, B
]
+
=
√
2
3
(
λ8 +
2√
3
) (
π · Σ
)
+
1√
2
π ·
(
α† σ N
)
+
√
2
3
τ ·
(
π Λ
)
− 1√
6
(
λ8 − 4√
3
) (
K†N
)
+
1√
2
τ ·
(
K† σ N
)
− 1√
6
(
K† α
)
Λ
+
1√
2
(
K†σ α
)
· Σ− 1√
6
(
α†K
)
Λ +
1√
2
(
α† σK
)
· Σ
−
√
2
3
(
λ8 − 2√
3
) (
ηΛ
)
− 1√
6
η
(
α†N
)
+
√
2
3
τ ·
(
ηΣ
)
+
1√
2
π ·
(
Ξt i σ2 σ α
)
− 1√
6
η
(
Ξt i σ2 α
)
+
1√
2
τ ·
(
Ξt i σ2 σK
)
− 1√
6
(
λ8 − 4√
3
) (
Ξt i σ2K
)
. (A.6)
B Local interaction terms of chiral order Q3
For heavy-baryon chiral SU(3) perturbation theory 102 terms of chiral order
Q3 are displayed in [82]. We find that only 10 chirally symmetric terms are rel-
evant for elastic meson-baryon scattering. Following the constructing rules of
Krause [35] one writes down 19 interaction terms for the relativistic chiral La-
grangian where terms which are obviously redundant by means of the equation
of motion or SU(3) trace identities [50] are not displayed. The Bethe-Salpeter
interaction kernel (see (43)) receives the following contributions
K
(I)
[8][8](k¯, k;w) =
1
8 f 2
(
(p¯ · q¯)(p · q) + (p¯ · q)(p · q¯)
)
C(I)[h(1)] (B.1)
+
1
16 f 2
(
/q (p− p¯) · q¯ − /¯q (p− p¯) · q
)
C¯(I)[h(2)]
+
1
8 f 2
(/¯q + /q) (q¯ · q) C¯(I)[h(3)]
+
1
8 f 2
i γ5 γ
µ (p+ p¯)ν ǫµναβ q¯
α qβ C¯(I)[h(4)]
+
1
16 f 2
i γ5 γ
µ
(
(p¯ · (q¯ − q)) pµ + (p · (q¯ − q)) p¯µ
)
ǫµναβ q¯
α qβ C¯(I)[h(5)]
+
1
16 f 2
i γ5 γ
µ
(
(p¯ · (q¯ + q)) pµ − (p · (q¯ + q)) p¯µ
)
ǫµναβ q¯
α qβ C¯(I)[h(6)] ,
where the interaction terms are already presented in momentum space for
notational convenience. Their SU(3) structure is expressed in terms of the
matrices C0,1,D,F and C¯1,D,F introduced in (127). In (B.2) we applied the con-
venient notation:
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C¯(I)[h(i)] =h
(i)
1 C¯
(I)
1 + h
(i)
D C
(I)
D + h
(i)
F C
(I)
F ,
C(I)[h(i)] =h
(i)
0 C
(I)
0 + h
(i)
1 C
(I)
1 + h
(i)
D C
(I)
D + h
(i)
F C
(I)
F . (B.2)
Explicit evaluation of the terms in (B.2) demonstrates that in fact only 10
terms contribute to the s and p- wave interaction kernels to chiral order Q3.
Obviously there are no quasi-local counter terms contributing to higher partial
waves to this order. The terms of chiral order Q2 are
V
(I,+)
[8][8],2(s; 0) =
s
4 f 2
(√
s−M (I)
)
C(I)[h(1)]
(√
s−M (I)
)
,
V
(I,−)
[8][8],2(s; 0) =
1
6 f 2
M (I)
[
C¯(I)[h(4)] ,M (I)
]
+
M (I) ,
− 1
8 f 2
(√
s+M (I)
) [
C¯(I)[h(4)] ,M (I)
]
+
(√
s+M (I)
)
,
V
(I,+)
[8][8],2(s; 1) =
1
24 f 2
[
C¯(I)[h(4)] ,M (I)
]
+
. (B.3)
We observe that the h
(1)
0,1,D,F parameters can be absorbed into the g
(V )
0,1,D,F to
order Q2 by the replacement g(V ) → g(V ) −M h(1). Similarly the replacement
g(T ) → g(T ) +M h(4) cancels the dependence on h(4) at order Q2 (see (129)).
This mechanism illustrates the necessary regrouping of interaction terms re-
quired for the relativistic chiral Lagrangian as discussed in [26]. We turn to
the quasi-local interaction terms of chiral order Q3:
V
(I,+)
[8][8],3(s; 0) =
1
8 f 2
((
φ(I) +m2Φ(I)
)
C¯(I)[h(3)]
(√
s−M (I)
)
+
(√
s−M (I)
)
C¯(I)[h(3)]
(
φ(I) +m2Φ(I)
))
− 1
4 f 2
(
φ(I)
2
√
s
(
C(I)[g(S)] + 1
2
√
s C¯(I)[h(2) + 2 h(4)]
) (√
s−M (I)
)
+
(√
s−M (I)
) (
C(I)[g(S)] + 1
2
√
s C¯(I)[h(2) + 2 h(4)]
) φ(I)
2
√
s
)
− 1
4 f 2
(
φ(I)
2
√
s
(
C¯(I)[g(T )]− 1
2
[
C¯(I)[h(4)] ,M (I)
]
+
) (√
s−M (I)
)
+
(√
s−M (I)
) (
C¯(I)[g(T )]− 1
2
[
C¯(I)[h(4)] ,M (I)
]
+
) φ(I)
2
√
s
)
− 1
8 f 2
((
φ(I) +m2Φ(I)
)
C(I)[g(V )+2
√
s h(1)]
(√
s−M (I)
)
+
(√
s−M (I)
)
C(I)[g(V )+2
√
s h(1)]
(
φ(I) +m2Φ(I)
))
,
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V
(I,−)
[8][8],3(s; 0) =
1
8 f 2
√
s
((√
s+M (I)
)
C(I)[g(V )]
(√
s−M (I)
)
+
(√
s−M (I)
)
C(I)[g(V )]
(√
s+M (I)
))
+
1
12 f 2
M (I)
[
C(I)[g(V ) + 2
√
s h(1)] ,
√
s−M (I)
]
+
M (I)
+
1
12 f 2
M (I)
[
C¯(I)[h(2) + 2 h(4) − 2 h(3)] ,√s−M (I)
]
+
M (I) ,
V
(I,+)
[8][8],3(s; 1) =
1
48 f 2
[
C(I)[g(V ) + 2
√
s h(1)] ,
√
s−M (I)
]
+
+
1
48 f 2
[
C¯(I)[h(2) + 2 h(4) − 2 h(3)] ,√s−M (I)
]
+
. (B.4)
We observe that neither the h(5) nor the h(6) coupling constants enter the
interaction kernel to chiral order Q3. Furthermore the structure h(4) is redun-
dant, because it disappears with the replacements to g(T ) → g(T ) + M h(4)
and h(2) → h(2) − 2 h(4). Thus at chiral order Q3 we find 10 relevant chirally
symmetric parameters h(1), h(2) and h(3).
C Projector algebra
We establish the loop-orthogonality of the projectors Y (±)n (q¯, q;w) introduced
in (76). In order to facilitate our derivations we rewrite the projectors in terms
of the convenient building objects P± and Vµ as
Y (±)n (q¯, q;w) = ±P± Y¯n+1(q¯, q;w)± 3 (q¯ · V )P∓ (V · q) Y¯n(q¯, q;w) ,
Y¯n(q¯, q;w) =
[(n−1)/2]∑
k=0
(−)k (2n− 2 k)!
2n k! (n− k)! (n− 2 k − 1)! Y
k
q¯q¯ Y
n−2 k−1
q¯q Y
k
qq ,
Yab =
(w · a) (b · w)
w2
− a · b , (C.1)
where
P± =
1
2
(
1± /w√
w2
)
, Vµ =
1√
3
(
γµ − /w
w2
wµ
)
, P± P± = P± ,
P± P∓ = 0 , P± /l = /l P∓ ± (l · w)/
√
w2 , P± Vµ = Vµ P∓ . (C.2)
In this appendix we will derive the identities:
ℑ ≪ n ± |m± ≫ (q¯, q;w) = δnm Y (±)n (q¯, q;w)ℑJ (±)ab (w;n) ,
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ℑ ≪ n ± |m∓ ≫ (q¯, q;w) = 0 , (C.3)
with the convenient notation
≪ n ± |m± ≫ (q¯, q;w) =
∫
d4l
(2π)4
Y (±)n (q¯, l;w)G(l;w) Y
(±)
m (l, q;w) ,
G(l;w) =
−i
(w − l)2 −m2a + i ǫ
/l +mb
l2 −m2b + i ǫ
,
ℑ J (±)ab (w;n) =
p2n+1ab
8 π
√
w2
(√
w2
2
+
m2b −m2a
2
√
w2
±mb
)
,
√
w2 =
√
m2a + p
2 +
√
m2b + p
2 . (C.4)
The real parts of the loop functions J
(±)
ab (w;n) are readily reconstructed by
means of a dispersion integrals in terms of their imaginary parts. Since the
loop functions are highly divergent they require a finite number of subtractions
which are to be specified by the renormalization scheme. These terms are
necessarily real and represent typically power divergent tadpole terms (see
(82)). According to our renormalization condition (69) such terms must be
moved into the effective interaction kernel.
In order to arrive at the desired result (C.3) we introduce further notation
streamlining our derivation. For any covariant function F (q¯, l, q;w) we write
〈F 〉n,m(q¯, q;w) =
∫
d4l
(2π)4
F (q¯, l, q;w) Y¯n(q¯, l;w) G¯(l;w) Y¯m(l, q;w) ,
G¯(l;w) =
1
(w − l)2 −m2a + i ǫ
−i
l2 −m2b + i ǫ
. (C.5)
The result (C.3) is now derived in two steps. First the expressions in (C.3) are
simplified by standard Dirac algebra methods. In the convenient notation of
(C.5) we find
≪ n ± |m± ≫= 〈mN ± (l · wˆ)〉n+1,m+1 P±
+3 〈(mN ± (l · wˆ)) (l · V )〉n+1,m P∓ (V · q)
+ 3 (q¯ · V )P∓ 〈(V · l) (mN ± (l · wˆ))〉n,m+1
− 3 (q¯ · V )P∓ 〈Yll (mN ± (l · wˆ))〉n,m (V · q) ,
≪ n ± |m∓ ≫=−P±〈/l〉n+1,m+1 P∓ + 3 (q¯ · V )P∓ 〈/l Yll〉n,m P± (V · q)
+P± 〈/¯q Yll〉n,m+1 P∓ + P± 〈/q Yll〉n+1,m P∓ , (C.6)
where wˆµ = wµ/
√
w2. Next we observe that the terms 2 (l · w) = l2 − m2b −
(w − l)2 +m2a +m2b −m2a + w2 and Yll in (C.6) can be replaced by
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l · wˆ →
√
w2
2
+
m2b −m2a
2
√
w2
, Yll → p2 , (C.7)
if tadpole contributions are neglected. The first replacement rule in (C.7)
generates the typical structure occurring in (C.4). The final step consists in
evaluating the remaining integrals. Consider for example the identities:
〈1〉n,m(q¯, q;w) = 〈1〉m,n(q, q¯;w) = Y (n−m)/2q¯q¯ Y¯m(q¯, q;w) Jn+m−1(w) ,
〈1〉n+1,m(q¯, q;w) = 〈1〉m,n+1(q, q¯;w) = 0 , ℑ Jn(w) = p
n
8π
√
w2
, (C.8)
which hold modulo some subtraction polynomial for n ≥ m and both n,m
either even or odd. The result (C.8) is readily confirmed in the particular
frame where ~w = 0
Y¯n(l, q;w) = (|~l | |~q |)n−1 P ′n( cos(~l , ~q )) , (C.9)
by applying the Cutkosky cutting rule in conjunction with standard properties
of the Legendre polynomials 14 . Here it is crucial to observe that the object
Y¯n(q, l;w) = Y¯n(l, q;w) does not exhibit any singularity in lµ. For example a
square root term
√
Yq¯l in Y¯ (q¯, l;w) would invalidate our derivation. We point
out that this observation leads to the unique interpretation of P ′n in terms of
Yqq, Yq¯q¯ and Yq¯q (see (C.9)) and thereby defines the unambiguous form of our
projectors (C.1). Similarly one derives the identities:
〈Yq¯l〉n+1,m(q¯, q;w) = 〈Yq¯l〉m,n+1(q, q¯;w)
= Yq¯q¯ Y
(n−m)/2
q¯q¯ Y¯m(q¯, q;w) Jn+m+1(w) ,
〈Ylq〉n+1,m(q¯, q;w) = 〈Ylq〉m,n+1(q, q¯;w)
= Yq¯q Y
(n−m)/2
q¯q¯ Y¯m(q¯, q;w) Jn+m+1(w) ,
〈Yq¯l〉n,m(q¯, q;w) = 〈Yq¯l〉m,n(q, q¯;w) = 0 ,
〈Ylq〉n,m(q¯, q;w) = 〈Ylq〉m,n(q, q¯;w) = 0 , (C.10)
which again hold modulo some subtraction polynomial for n ≥ m and both
n,m either even or odd. Our proof of (C.3) is completed with the convenient
identities:
〈lµ〉n+1,m = wˆµ 〈Yll (l − q¯) · wˆ〉n,m + q¯µ 〈Yll〉n,m if n ≥ m ,
Yqq 〈lµ〉n+1,m = wˆµ 〈(l − q) · wˆ〉n+1,m+1 + qµ 〈1〉n+1,m+1 if n < m ,
〈lµ〉n,m+1 = wˆµ 〈Yll (l − q) · wˆ〉n,m + qµ 〈Yll〉n,m if n ≤ m ,
14 Note the convenient identities: P ′n+1(x) =
∑n
l=even (2 l + 1)Pl(x) for n even and
P ′n+1(x) =
∑n
l=odd (2 l + 1)Pl(x) for n odd.
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Yq¯q¯ 〈lµ〉n,m+1 = wˆµ 〈(l − q¯) · wˆ〉n+1,m+1 + q¯µ 〈1〉n+1,m+1 if n > m , (C.11)
which follow from (C.10) and covariance which implies the replacement rule
lµ → Yqq¯ Yq¯l − Yq¯q¯ Yql
Y 2qq¯ − Yqq Yq¯q¯
(
qµ − w · q
w2
wµ
)
+
Yqq¯ Yql − Yqq Yq¯l
Y 2qq¯ − Yqq Yq¯q¯
(
q¯µ − w · q¯
w2
wµ
)
+
l · w
w2
wµ . (C.12)
The identities (C.3) follow now from (C.6) and (C.11). For example, the first
identity follows for n = m, because the first two terms in (C.6) lead to the
loop function J
(±)
ab (w;n) and the last two terms cancel. Similarly for n > m the
first and second terms are canceled by the third and fourth terms respectively
whereas for n < m both, the first two and last two terms in (C.6) cancel
separately.
D Isospin breaking effects
Isospin breaking effects are easily incorporated by constructing super matrices
V (I
′I), J (I
′I) and T (I
′I) which couple different isospin states. Here we only con-
sider isospin breaking effects induced by the loop functions, i.e. the interaction
kernel V (I
′I) = δI′I V
(I) is assumed isospin diagonal.
Furthermore we neglect isospin breaking effects in all but the s-wave K¯N -
channels. This leads to
J
(00)
K¯N
= J
(11)
K¯N
=
1
2
(
JK−p + JK¯0n
)
, J
(01)
K¯N
= J
(10)
K¯N
=
1
2
(
JK−p − JK¯0n
)
. (D.1)
The remaining channels X are defined via J
(I′I)
X = δI′I J
(I)
X with isospin aver-
aged masses in the loop functions. We use also isospin averaged meson and
baryon masses in V (I). Note that there is an ambiguity in the subtraction
point of the isospin transition loop function J
(01)
K¯N
. We checked that taking mΛ
as used for J
(00)
K¯N
or mΣ as used for J
(11)
K¯N
makes little difference. We use the
average hyperon mass (mΛ +mΣ)/2. The K
−p-reaction matrices can now be
linearly combined in terms of appropriate matrix elements of M (I
′I)
MK− p→K− p =
1
2
M
I=(0,0)
K¯N→K¯N +
1
2
M
I=(1,1)
K¯N→K¯N +
1
2
M
I=(0,1)
K¯N→K¯N +
1
2
M
I=(1,0)
K¯N→K¯N ,
MK− p→K¯0 n =
1
2
M
I=(0,0)
K¯N→K¯N −
1
2
M
I=(1,1)
K¯N→K¯N −
1
2
M
I=(0,1)
K¯N→K¯N +
1
2
M
I=(1,0)
K¯N→K¯N ,
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MK− p→π−Σ+=
1√
6
M
I=(0,0)
K¯N→πΣ +
1
2
M
I=(1,1)
K¯N→πΣ +
1√
6
M
I=(1,0)
K¯N→πΣ +
1
2
M
I=(0,1)
K¯N→πΣ ,
MK− p→π+Σ−=
1√
6
M
I=(0,0)
K¯N→πΣ −
1
2
M
I=(1,1)
K¯N→πΣ +
1√
6
M
I=(1,0)
K¯N→πΣ −
1
2
M
I=(0,1)
K¯N→πΣ ,
MK− p→π0 Σ =
1√
6
M
I=(0,0)
K¯N→πΣ +
1√
6
M
I=(1,0)
K¯N→πΣ ,
MK− p→ π0 Λ =
1√
2
M
I=(0,1)
K¯N→πΛ +
1√
2
M
I=(1,1)
K¯N→πΛ . (D.2)
The K+p → K+p reaction of the strangeness +1 channel remains a single
channel problem due to charge conservation. One finds
MK+ p→K+ p =M
I=(1,1)
KN→KN , J
(11)
KN = JK+p . (D.3)
The charge exchange reaction K+n→ K0p, on the other hand, turns into a 2
channel problem with (K+n, K0p). The proper matrix structure in the isospin
basis leads to
MK+ n→K0 p =
1
2
M
I=(1,1)
KN→KN −
1
2
M
I=(0,0)
KN→KN +
1
2
M
I=(0,1)
KN→KN +
1
2
M
I=(1,0)
KN→KN ,
J
(00)
KN = J
(11)
KN =
1
2
(
JK+n + JK0p
)
, J
(01)
KN = J
(10)
KN =
1
2
(
JK+n − JK0p
)
.(D.4)
The subtraction point µ(I) in the loop functions JK+p, JK+n and JK0p is iden-
tified with the average hyperon mass µ(0) = µ(1) = (mΛ +mΣ)/2.
E Strangeness minus one channel
We collect the coefficients C(I)... defined in (121,109,127) in Tab. E.1 and Tab.
E.2. For completeness we also include the I = 2 channel. All coefficients are
defined within the natural extension of our notation in (92). The appropriate
isospin states R(2) are introduced as
R
(2)
[n] = πc · S[n] · Σ , (E.1)
where the matrix valued vector S[n] satisfies
5∑
n=1
S†[n], ac S[n], bd =
1
2
δab δcd +
1
2
δad δcb − 13 δac δbd . (E.2)
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C
(0)
WT C
(0)
N[8]
C
(0)
Λ[8]
C
(0)
Σ[8]
C
(0)
∆[10]
C
(0)
Σ[10]
C˜
(0)
N[8]
C˜
(0)
Λ[8]
C˜
(0)
Σ[8]
C˜
(0)
Ξ[8]
C˜
(0)
∆[10]
C˜
(0)
Σ[10]
C˜
(0)
Ξ[10]
11 3 0 1 0 0 0 0 0 0 0 0 0 0
12
√
3
2 0 1 0 0 0
√
2
3 0 0 0 2
√
2
3 0 0
13 3√
2
0 1 0 0 0
√
2 0 0 0 0 0 0
14 0 0 1 0 0 0 0 12 -
3
2 0 0 -
3
2 0
22 4 0 1 0 0 0 0 13 -1 0 0 -1 0
23 0 0 1 0 0 0 0 0
√
3 0 0
√
3 0
24 -
√
3
2 0 1 0 0 0 0 0 0 -
√
2
3 0 0 -
√
2
3
33 0 0 1 0 0 0 0 1 0 0 0 0 0
34 - 3√
2
0 1 0 0 0 0 0 0 -
√
2 0 0 -
√
2
44 3 0 1 0 0 0 0 0 0 0 0 0 0
C
(1)
WT C
(1)
N[8]
C
(1)
Λ[8]
C
(1)
Σ[8]
C
(1)
∆[10]
C
(1)
Σ[10]
C˜
(1)
N[8]
C˜
(1)
Λ[8]
C˜
(1)
Σ[8]
C˜
(1)
Ξ[8]
C˜
(1)
∆[10]
C˜
(1)
Σ[10]
C˜
(1)
Ξ[10]
11 1 0 0 1 0 1 0 0 0 0 0 0 0
12 1 0 0 1 0 1 -23 0 0 0
2
3 0 0
13
√
3
2 0 0 1 0 1
√
2
3 0 0 0 0 0 0
14
√
3
2 0 0 1 0 1
√
2
3 0 0 0 0 0 0
15 0 0 0 1 0 1 0 -12 -
1
2 0 0 -
1
2 0
22 2 0 0 1 0 1 0 -13
1
2 0 0
1
2 0
23 0 0 0 1 0 1 0 0 -1 0 0 -1 0
24 0 0 0 1 0 1 0 0 1 0 0 1 0
25 −1 0 0 1 0 1 0 0 0 23 0 0 23
33 0 0 0 1 0 1 0 0 1 0 0 1 0
34 0 0 0 1 0 1 0 1√
3
0 0 0 0 0
35
√
3
2 0 0 1 0 1 0 0 0 -
√
2
3 0 0 -
√
2
3
44 0 0 0 1 0 1 0 0 1 0 0 1 0
45
√
3
2 0 0 1 0 1 0 0 0 -
√
2
3 0 0 -
√
2
3
55 1 0 0 1 0 1 0 0 0 0 0 0 0
C
(2)
WT C
(2)
N[8]
C
(2)
Λ[8]
C
(2)
Σ[8]
C
(2)
∆[10]
C
(2)
Σ[10]
C˜
(2)
N[8]
C˜
(2)
Λ[8]
C˜
(2)
Σ[8]
C˜
(2)
Ξ[8]
C˜
(2)
∆[10]
C˜
(2)
Σ[10]
C˜
(2)
Ξ[10]
11 -2 0 0 0 0 0 0 13
1
2 0 0
1
2 0
Table E.1
Weinberg-Tomozawa interaction strengths and baryon exchange coefficients in the
strangeness minus one channels as defined in (121) and (E.1).
F Differential cross sections
In this appendix we provide the expressions needed for the evaluation of cross
sections as required for the comparison with available empirical data. Low-
energy data are available for the reactions K−p → K−p, K¯0n, π∓Σ±, π0Σ0,
π0Λ and K−p→ π0π−p, π+π−n in the strangeness minus one channel and for
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C
(0)
π,0 C
(0)
π,D C
(0)
π,F C
(0)
K,0 C
(0)
K,D C
(0)
K,F C
(0)
0 C
(0)
1 C
(0)
D C
(0)
F C¯
(0)
1 C¯
(0)
D C¯
(0)
F
11 0 0 0 -4 -6 -2 2 2 3 1 2 1 3
12 0 -
√
3
2
√
3
2 0 -
√
3
2
√
3
2 0
√
6
√
3
2 -
√
3
2
√
6 -
√
3
2
√
3
2
13 0 1√
2
3√
2
0 - 5
3
√
2
- 5√
2
0
√
2 1
3
√
2
1√
2
√
2 1√
2
3√
2
14 0 0 0 0 0 0 0 -3 0 0 -1 0 0
22 -4 -4 0 0 0 0 2 4 2 0 2 0 4
23 0 - 4√
3
0 0 0 0 0
√
3 2√
3
0
√
3 0 0
24 0
√
3
2
√
3
2 0
√
3
2
√
3
2 0 -
√
6 -
√
3
2 -
√
3
2 -
√
6 -
√
3
2 -
√
3
2
33 43
28
9 0 -
16
3 -
64
9 0 2 2 2 0 0 0 0
34 0 - 1√
2
3√
2
0 5
3
√
2
- 5√
2
0 -
√
2 - 1
3
√
2
1√
2
-
√
2 1√
2
- 3√
2
44 0 0 0 -4 -6 2 2 2 3 -1 2 -1 3
C
(1)
π,0 C
(1)
π,D C
(1)
π,F C
(1)
K,0 C
(1)
K,D C
(1)
K,F C
(1)
0 C
(1)
1 C
(1)
D C
(1)
F C¯
(1)
1 C¯
(1)
D C¯
(1)
F
11 0 0 0 -4 -2 2 2 0 1 -1 0 -1 1
12 0 -1 1 0 -1 1 0 0 1 -1 0 -1 1
13 0 1√
6
√
3
2 0
1√
6
√
3
2 0 0 -
1√
6
-
√
3
2 0
1√
6
√
3
2
14 0 -
√
3
2
√
3
2 0
5√
6
- 5√
6
0 0 - 1√
6
1√
6
0 -
√
3
2
√
3
2
15 0 0 0 0 0 0 0 1 0 0 -1 0 0
22 -4 -4 0 0 0 0 2 -1 2 0 1 0 2
23 0 0 0 0 0 0 0 0 0 0 0 -2
√
2
3 0
24 0 0 4
√
2
3 0 0 0 0 0 0 -2
√
2
3 0 0 0
25 0 1 1 0 1 1 0 0 -1 -1 0 -1 -1
33 -4 -43 0 0 0 0 2 0
2
3 0 0 0 0
34 0 -43 0 0 0 0 0 1
2
3 0 -1 0 0
35 0 1√
6
-
√
3
2 0
1√
6
-
√
3
2 0 0 -
1√
6
√
3
2 0 -
1√
6
√
3
2
44 43 -
4
3 0 -
16
3 0 0 2 0
2
3 0 0 0 0
45 0 -
√
3
2 -
√
3
2 0
5√
6
5√
6
0 0 - 1√
6
- 1√
6
0
√
3
2
√
3
2
55 0 0 0 -4 -2 -2 2 0 1 1 0 1 1
C
(2)
π,0 C
(2)
π,D C
(2)
π,F C
(2)
K,0 C
(2)
K,D C
(2)
K,F C
(2)
0 C
(2)
1 C
(2)
D C
(2)
F C¯
(2)
1 C¯
(2)
D C¯
(2)
F
11 -4 -4 0 0 0 0 2 1 2 0 -1 0 -2
Table E.2
Coefficients of quasi-local interaction terms in the strangeness minus one channels
as defined in (127) and (E.1).
the reactions K+p → K+p and K+n → K0p in the strangeness +1 channel.
The differential cross sections with a two-body final state can be written in
the generic form
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d σ(
√
s, cos θ)
d cos θ
=
1
32 π s
p(f)cm
p
(i)
cm
(
|F+(
√
s, θ)|2
(
mi + Ei
) (
mf + Ef
)
+ |F−(
√
s, θ)|2
(
mi − Ei
) (
mf − Ef
)
+2ℜ
(
F+(
√
s, θ)F †−(
√
s, θ)
)
p(i)cm p
(f)
cm cos θ
)
(F.1)
where p(i)cm and p
(f)
cm is the relative momentum in the center of mass system of
the initial and final channel respectively. The angle θ denotes the scattering
angle in the center of mass system. Also,mi andmf are the masses of incoming
and outgoing fermions, respectively, and
Ei =
√
m2i +
(
p
(i)
cm
)2
, Ef =
√
m2f +
(
p
(f)
cm
)2
. (F.2)
The amplitudes F±(
√
s, θ) receive contributions from the amplitudesM (±)(
√
s, 0)
and M (±)(
√
s, 1) as introduced in (79). We derive
F+(
√
s, θ) =M (+)(
√
s; 0) + 3 p(f)cm p
(i)
cmM
(+)(
√
s; 1) cos θ
−
(
Ef −mf
) (
Ei −mi
)
M (−)(
√
s; 1) ,
F−(
√
s, θ) =M (−)(
√
s; 0) + 3 p(f)cm p
(i)
cmM
(−)(
√
s; 1) cos θ
−
(
Ef +mf
) (
Ei +mi
)
M (+)(
√
s; 1) , (F.3)
where the appropriate element of the coupled channel matrix M
(I,±)
ab is as-
sumed. For further considerations it is convenient to introduce reduced partial-
wave amplitudes f
(l)
J=l± 1
2
(s) with
f
(l)
J=l± 1
2
(
√
s )=
(p(f)cm p
(i)
cm)
J− 1
2
8 π
√
s
√
Ei ±mi
√
Ef ±mf M (±)(
√
s, J − 1
2
) , (F.4)
in terms of which the total cross section reads
σi→f(
√
s )= 4 π
p(f)cm
p
(i)
cm
∞∑
l=0
(
l |f (l)
J=l− 1
2
(
√
s )|2 + (l + 1) |f (l)
J=l+ 1
2
(
√
s )|2
)
.(F.5)
The measurement of the three-body final states π0π−p and π+π−n provides
more detailed constraints on the kaon induced Λ and Σ production matrix
elements due to the self-polarizing property of the hyperons. Particularly con-
venient is the triple differential cross section
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kπ−n dσK−p→π+π−n
dm2Σ− dcos θ dk⊥
=
ΓΣ−→π−n
2π Γ
(tot.)
Σ−
dσK−p→π+Σ−
dcos θ
(
1 + αΣ−
k⊥
kπ−n
PK−p→π+Σ−
)
,
kπ0p dσK−p→π0π−p
dm2Σ+ dcos θ dk⊥
=
ΓΣ+→π0p
2π Γ
(tot.)
Σ+
dσK−p→π−Σ+
dcos θ
(
1 + αΣ+
k⊥
kπ0p
PK−p→π−Σ+
)
kπ−p dσK−p→π0π−p
dm2Λ dcos θ dk⊥
=
ΓΛ→π−p
2π Γ
(tot.)
Λ
dσK−p→π0Λ
dcos θ
(
1 + αΛ
k⊥
kπ−p
PK−p→π0Λ
)
, (F.6)
which determines the polarizations PK−p→π0Λ and PK−p→π∓Σ±
dσ(
√
s, cos θ)
dcos θ
P (
√
s, θ)=
(
p(f)cm
)2
sin θ
32 π s
ℑ
(
F+(
√
s, θ)F †−(
√
s, θ)
)
. (F.7)
Here αΣ− = −0.068±0.013, αΣ+ = −0.980±0.017 and αΛ = 0.642±0.013 are
the hyperon polarizeabilties. The variable k⊥ is defined in the K−p center of
mass frame via k⊥ p(i)cm p
(f)
cm sin θ =
~k · (~p (i)cm× ~p (f)cm ). In the hyperon rest frame
it represents the decay angle β of the Σ and Λ with k⊥ = kπ±n cos β and
k⊥ = kπ−p cos β relative to the final neutron and proton three momentum
~k respectively. Furthermore m2Σ± = (m
2
π± + k
2
π±n)
1/2 + (m2n + k
2
π±n)
1/2 and
m2Λ = (m
2
π− + k
2
π−p)
1/2 + (m2p + k
2
π−p)
1/2.
Differential cross sections and polarizations are conveniently parameterized in
terms of moments An(
√
s ) and Bn(
√
s ) [11,116,117] defined as the nth order
Legendre weights
∞∑
n=0
An(
√
s )Pn(cos θ) =
dσ(
√
s, cos θ)
d cos θ
,
−
∞∑
l=1
Bl(
√
s )P 1l (cos θ) =
(
p(f)cm
)2
sin θ
32 π s
ℑ
(
F+(
√
s, θ)F †−(
√
s, θ)
)
, (F.8)
where P 1l (cos θ) = − sin θ P ′l (cos θ). One derives
A1(
√
s ) = 4 π
p(f)cm
p
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We use the empirical mass values for the kinematical factors in (F.1) and
include isospin breaking effects in the matrix elements M± as described in
the Appendix D. Coulomb effects which are particularly important in the
K+p → K+p reaction are also considered. They can be generated by the
formal replacement rule [133]
F+(
√
s, θ)→ F+(
√
s, θ)− α
v
4π
√
s
E +m
exp
(
−i α
v
ln
(
sin2(θ/2)
))
pcm sin
2(θ/2)
,
v =
pcm
√
s
E (
√
s−E) , α =
e2 Z1 Z2
4 π
(F.10)
for the amplitude F+(
√
s, θ) in (F.1). Here Ei = Ef = E, mf = mi = m,
e2/(4π) ≃ 1/137 and e Z1,2 are the charges of the particles.
G Chiral expansion of baryon exchange
In this appendix we provide the leading and subleading terms of the baryon
exchange contributions not displayed in the main text. We begin with the
s-channel exchange contributions for which only the baryon decuplet states
induce terms of chiral order Q3:
V
(I,+)
s−[10],3(
√
s; 0)=
2∑
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(2− Z[10])
√
s+ 3m
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[10]
3 (m
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2
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4 f 2
(√
s−M (I)
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,
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√
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[10])
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s−M (I)
) C(I,c)[10]
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(√
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4 f 2
(√
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))
,
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V
(I,+)
s−[10],3(
√
s; 1)= V
(I,±)
s−[8],3(
√
s; 0) = V
(I,+)
s−[8],3(
√
s; 1) = 0 , (G.1)
where the index ’3’ in (G.1) indicates that only the terms of order Q3 are
shown. Next we give the Q3-terms of the u-channel baryon exchanges charac-
terized by the subleading moment of the functions h
(I)
n,±(
√
s,m)
[
V
(I,±)
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√
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]
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. (G.2)
We derive
[
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√
s,m)
]
ab,3
=
m+M
(L)
ab
µ+,ab
(
2
3
φa φb
s µ−,ab
+
4
3
φa
(
χa + χb
)
φb√
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2 , (G.3)
where we introduced the short hand notationsMa = mB(I,a) andma = mΦ(I,a).
Also, χa =
√
s−Ma and φa = χ2a−m2a. We recall here M (L)ab = mB(I,a)+ R˜(I,c)L,ab
and M
(R)
ab = mB(I,b) + R˜
(I,c)
R,ab with R˜ specified in (120).
We turn to the decuplet functions p
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for which we provide the leading moments
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This appendix ends with the d-wave resonance functions q
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One may or may not apply the questionable formal rule
√
s − m[9] ∼ Q.
The explicit expressions below, which rely on
√
s − m[9] ∼ Q and µ− ∼ Q,
demonstrate that our total result to order Q3 are basically independent on this
assumption. Modified results appropriate for an expansion with
√
s−m[9] ∼ Q0
and µ− ∼ Q0 follow upon dropping some terms proportional to (1/µ−)n. We
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H Perturbative threshold analysis
Close to threshold the scattering phase shifts δ
(L)
J=L± 1
2
(s) are characterized by
the scattering length or scattering volumes a[L2I,2J ]
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where we include the isospin in the notation for completeness. For s-wave chan-
nels one finds b = −r a2/2. The threshold parameters, a(I,±)πN,n, can equivalently
be extracted from the threshold values of the reduced amplitudes
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We identify the s and p-wave threshold parameters a
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where 3 a[S+] = a[S11] + 2 a[S31] and 3 a[S−] = a[S11] − a[S31] and F[8] +D[8] = gA.
For the s-wave range parameter we find
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The p-wave scattering volumes are
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and
4 π
(
1 +
mπ
mN
)
a
(πN)
[P13]
= − g
2
A
6mπ f 2
+
2C2[10]
27 f 2
1
µ∆ +mπ
− g
2
A
6 f 2mN
+
4
27
C2[10]
f 2
mπ
m∆ (µ∆ +mπ)
+
C2[10]
f 2
4Z[10]
27m∆
(
1− Z[10] − Z[10] mN
2m∆
)
− 1
12f 2
(
2 g
(S)
0 + g
(S)
D + g
(S)
F
)
− 1
6f 2
(
g
(T )
D + g
(T )
F
)
+O (Q)
4 π
(
1 +
mπ
mN
)
a
(πN)
[P33]
=
g2A
3mπ f 2
+
C2[10]
54 f 2
(
1
µ∆ +mπ
+
9
µ∆ −mπ
)
+
1
27
C2[10]
f 2
mπ
m∆ (µ∆ +mπ)
+
C2[10]
f 2
Z[10]
27m∆
(
1− Z[10] − Z[10] mN
2m∆
)
+
g2A
3 f 2mN
− 1
12f 2
(
2 g
(S)
0 + g
(S)
D + g
(S)
F
)
+
1
12f 2
(
g
(T )
D + g
(T )
F
)
124
+O (Q) , (H.6)
where µ∆ = m∆ −mN ∼ Q. Note the Z-dependence in (H.3,H.5,H.6) can be
completely absorbed into the quasi-local 4-point coupling strength. Express-
ing the threshold parameters (H.3,H.5,H.6) in terms of renormalized coupling
constants g˜ as
2 g
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(V )
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C2[10] ,(H.7)
leads to results which do not depend on Z[10] explicitly. Similarly one can
absorb the decuplet pole terms 1/(µ∆±mπ) by expanding in the ratio mπ/µ∆.
We turn to the strangeness channels. It only makes sense to provide the p-wave
scattering volumes of the strangeness plus channel, because all other threshold
parameters are non-perturbative. The leading orders expressions are
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and
125
4 π
(
1 +
mK
mN
)
a
(KN)
[P03]
=
1
18 f 2
9 (D[8] − F[8])2
µ
(Σ)
[8] +mK
− (3F[8] +D[8])
2
µ
(Λ)
[8] +mK
 (1 + mK
mN
)
+
C2[10]
36 f 2m
(Σ)
[10]
m(Σ)[10] + 2mK
µ
(Σ)
[10] +mK
+ 2Z[10]
1− Z[10]
1 + mN +mK
2m
(Σ)
[10]

− 1
12f 2
(
2 g
(S)
0 − g(S)1 − 2 g(S)F
)
− 1
12f 2
(
g
(T )
1 + 2 g
(T )
D
)
+O (Q) ,
4 π
(
1 +
mK
mN
)
a
(KN)
[P23]
=
1
18 f 2
(3F[8] +D[8])2
µ
(Λ)
[8] +mK
+ 3
(D[8] − F[8])2
µ
(Σ)
[8] +mK
 (1 + mK
mN
)
+
C2[10]
108 f 2m
(Σ)
[10]
m(Σ)[10] + 2mK
µ
(Σ)
[10] +mK
+ 2Z[10]
1− Z[10]
1 + mN +mK
2m
(Σ)
[10]

− 1
12f 2
(
2 g
(S)
0 + g
(S)
1 + 2 g
(S)
D
)
+
1
12f 2
(
g
(T )
1 + 2 g
(T )
F
)
+O (Q) , (H.9)
where µ
(Y )
[8,10] = m
(Y )
[8,10]−mN withH = Λ, Σ. Note that we included in (H.8,H.9)
large kinematical correction terms ∼ mK of formal order Q induced by the
covariant chiral counting assignment scheme at leading order.
Note that the p-wave scattering volumes of the kaon-nucleon sector probe four
independent combinations of background terms as compared to the p-wave
scattering volumes of the pion-nucleon sector which probe only two combina-
tions. It is possible to form a particular combination which does not depend
on the hyperon u-channel exchange dynamics
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) (
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